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6. S p e c t r a l  Methods Using Four i e r  Series 

F o u r i e r  series a r e  a p p r o p r i a t e  t o  s o l v e  problems 

w i t h  p e r i o d i c  boundary cond i t ions .  

c o n d i t i o n s ,  a s t a b l e  s p e c t r a l  method based on F o u r i e r  series 

i s  u s u a l l y  a c c u r a t e  and e f f i c i e n t .  

F o u r i e r  series are  used to  so lve  non-periodic problems 

( i n c l u d i n g  problems having p e r i o d i c  i n i t i a l  c o n d i t i o n s  

b u t  whose e v o l u t i o n  o p e r a t o r s  v i o l a t e  p e r i o d i c i t y )  , 
s t a b i l i t y  is  n o t  enough to ensure convergence t o  t h e  t r u e  

s o l u t i o n  o f  t h e  problem. An example of t h e  l a t t e r  e f f e c t  

w a s  g iven  i n  Example 1.3.  I n  t h i s  s e c t i o n ,  w e  i n v e s t i g a t e  

t h e  s t a b i l i t y  and convergence of s p e c t r a l  methods based on 

F o u r i e r  series. 

With p e r i o d i c  boundary 

On t h e  o t h e r  hand, when 

Example 6.1:  Constan t - c o e f f i c i e n t  hyperbol ic  equat ion  w i t h  
p e r i o d i c  boundary c o n d i t i o n s  

Consider t h e  one dimensional wave equat ion  

(0 x < u t + u x = o  - - 

w i t h  p e r i o d i c  boundary cond i t ions  

(6 -1) 



Since  c o l l o c a t i o n ,  Galerkin and t a u  methods a r e  i d e n t i c a l  i n  

t h e  absence of e s s e n t i a l  boundary c o n d i t i o n s  (see Set. 2 ) ,  

l e t  u s  analyze t h e  Four i e r - co l loca t ion  o r  pseudospectral  

method. 

W e  in t roduce  t h e  c o l l o c a t i o n  p o i n t s  xn = n/2N ( n  = 0 , .  . . , 2 N - 1 )  
-+ and t h e  vec tor  n o t a t i o n  u = ( u o , .  . . , U  2 N - 1  ) where u n = u ( x n ) .  

6 . 1 )  can be w r i t t e n  a s  The c o l l o c a t i o n  equat ions  t h a t  approximate 

-f -1 -t 

- -  a u - C  D C u ,  a t  ( 6 . 2 )  

where C and D are 2N x 2N matrices whose e n t r i e s  a r e  

(6 .3a )  

(6.3b) &kR ' DkR = -2ITi k' 

where k' = k-N (1 - c k - < 2 N - 1 )  and k' = 0 if k = 0 . A 

s imple  d e r i v a t i o n  of ( 6 . 2 )  -is obta ined  by observing t h a t  

Cu 

Pu of u ( x )  . Thus, D C f  are t h e  Four ie r  c o e f f i c i e n t s  of 

+ 
g i v e s  the Four i e r  c o e f f i c i e n t s  of t h e  co l loca t i .on  p r o j e c t i o n  
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of - 2 Pu which i s  - P - a Pu. The mat r ix  C i s  a u n i t a r y  

m a t r i x  so C* = C , and t h e  ma t r ix  D is skew-Hermitian so 

D* = - D. Therefore ,  C DC is skew-Hermitian so t h a t  

ax 
-1 ax 

-1 

This  proves t h a t  the Four i e r - co l loca t ion  method i s  s t a b l e  f o r  

( 6 . 1 ) .  The r e s u l t s  of  t h i s  example can  5e genera l ized  t o  a 

g e n e r a l  system of c o n s t a n t  c o e f f i c i e n t  hyperbol ic  equat ions .  

Example 6 .2 :  Var i ab le -coe f f i c i en t  hyperbol ic  equat ion  w i t h  
p e r i o d i c  boundary cond i t ions  

Consider t h e  system of equat ions  

u + A(x)ux = 0 0 - < x < l  - t 

w i t h  p e r i o d i c  boundary condi t ions  u ( 0 , t )  = u ( 1 , t )  and p e r i o d i c  

inhomogenity:  A(x) = A(x+l )  for  a l l  x . Here u ( x )  i s  

a vec to r  o f  m components and A(x) is  an m x m mat r ix .  

!:If w e  assume t h a t  A(x) i s  a symmetric ma t r ix  and t h a t  

-3- 



for  some f i n i t e  a , t h e n  t h e  Fourier-Galerkin method i s  . 

stable. To show t h i s ,  w e  denote  by uN t h e  N - t e r m  Four i e r -  

Ga le rk in  approximation of u. Using ( 2 . 6 . 7 )  and i n t e g r a t i o n  by 

p a r t s ,  w e  o b t a i n  

1 1 

There fo re ,  

1 1 

which proves s t a b i l i t y  . 
Condit ion (6..5) i s  n o t  s u f f i c i e n t  t o  ensure  s t a b i l i t y  f o r  

the  c o l l o c a t i o n  method. Consider t h e  scalar equa t ion  (m = 1) 

O < X < l  - - u = r ( x )  ux 

U ( 0 , t )  = u ( 1 , t )  . 
t 

( 6 . 6 )  

I f  w e  impose t h e  a d d i t i o n a l  r e s t r i c t i o n  t h a t  r ( x )  i s  non-zero 

w i t h i n  0 < x < 1, then  w e  can prove t h a t  t h e  c o l l o c a t i o n  nethod 

i s  s t a b l e .  i s -s ta5le  where 

- - 
‘To do t h i s ,  w e  show t h a t  exp(RC*DCt) 

C and D a r e  g iven  by (6.3) and R is t h e  na t r ix  with e n t r i c s  
R i j  = r ( x i )  “ j  . 

The ma t r ix  I3 - l  can  be  i d e n t i f i e d  w i t h  t h e  Liapounov m a t r i x  HN 

invoked i n  (5 .7)  and, t h e r e f o r e ,  t h e  method i s  s t a b l e ;  



-1 R (RC*DC) + (C*D*CR*) R - l  = 0 . '  

I n  f a c t ,  fol lowing t h e  argument lead ing  t o  (5.11) g ives  

proving s t a b i l i t y  for N + Q) . 
If r ( x )  has a ze ro  wi th in  O<x<l,  c o l l o c a t i o n  wi th  Four i e r  

series may l ead  t o  i n s t a b i l i t y .  F o r  example, i f  N = 2 ,  t h e  

e igenvalues  of RC DC a r e  O,O, +J-(r +r ) (r +r ) where ri = r ( x ' i ) ,  

so t h e r e  a r e  growing modes i f  (r0+r2) (rl+r3) < 0. I n  some c a s e s ,  

t h e s e  modes may have l a r g e  growth r a t e s .  One way 

t o  l i m i t  the  growth ra te  of these modes i s  t o  r e w r i t e  

( 6 . 6 )  as 

* 
0 2  1 3  

u = o  ut + z 1 ( r ( x ) u I x  + 2 1 r ( x ) u x  - - 1 d r ( x )  
2 dx 

Now Four i e r - co l loca t ion  gives  the ma t r ix  equat ion  

+ * * 
u + (%C DCR + %RC DC - Q); = 0 t 

( 6 . 7 )  
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w h e r e  Qke - - r ' ( X k ) G k R  The f i r s t  t w o  matrices on t h e  

r i g h t  s i d e  add up t o  a skew-Hermitian ma t r ix .  A l s o ,  i f  (6.5) 

- 7  

I h o l d s  f o r  r ( x )  t h e n  Q 9 aI. Therefore, w e  o b t a i n  t h e  

i n e q u a l i t y  

Thus, w e  see i t  is p o s s i b l e  t o  bound - a p r i o r i  t h e  growth of 

modes i n  t h e  Four ie r -co l loca t ion  method f o r  v a r i a b l e  c o e f f i -  

c i e n t  problems w i t h  p e r i o d i c  boundary cond i t ions .  

O n  t h e  o t h e r  hand, f o r  problems w i t h  non-periodic  boundary 

c o n d i t i o n s ,  F o u r i e r - s p e c t r a l  methods can produce wrong s o l u t i o n s  

even when they are s t a b l e .  T h i s  i s  i l l u s t r a t e d  by Example 1 . 3  

which w e  now s tudy  more c a r e f u l l y .  

Example 6.3: Hyperbolic equa t ion  w i t h  non-periodic boundary 
c o n d i t i o n s  

Consider t h e  problem ( 1 . 7 )  : 

u ( 0 , t )  = 0 

U(X,O) = 0 

-6- 



The s o l u t i o n  is 

u ( x , t )  = x t  . 

If w e  a t tempt  t o  so lve  ( 6 . 8 )  

Galerk in  procedure w e  o b t a i n  

by Four i e r  s i n e  series using t h e  

N 

n = l  
u = 1 a s i n  nx n N 

- = - -  2 n 4 am - n(-l) + - .rrn 
dan 
d t  en 

nm N 4 z  - IT m=l n2-m 

(6.9) 

(6.10) 

m+n odd 

where en = 0 i f  n i s  even and en = 1 i f  n i s  odd. 

1t"is easy  t o  v e r i f y  t h a t  t h e  above approximation i s  s t a b l e .  

I f  w e  w r i t e  ( 6 . 1 0 )  i n  t h e  form 

t h e n  

I n  F igs .  6 .1 -6 .4  w e  p l o t  t h e  s o l u t i o n  of (6.9-10) a t  

t = 1 f o r  N = 25, 50, 75, 1 0 0  . It i s  apparent  t h a t  u N ( x , l )  

does no t  converge t o  t h e  exact  s o l u t i o n  x t  a t  t = 1 a s  

N * I n s t e a d ,  uN f o r  N even appears  t o  be converging a s  

. 
-7- 



'I- 

O I t I 1 I 
1 

X 0 

t 
-5 L 

Fig. 6.1. A p l o t  of u N ( x Y t )  vs x f o r  N=25 and t=l where uNCxyt) 

d i f f e renc ing  e r ro r s .  A p l o t  of t h e  ex'act s o l u t i o n  x t  a t  t=l t o  (6.8) 
is  a l s o  given. Observe t h e  apparent divergence of ~ ~ ( x ~ t )  from t h e  exact 
s o l u t i o n  f o r  OLx<t and t h e  enhanced Gibbs phenomenon a t  x=O,7T. 

l is  determined by numerical i n t e g r a t i o n  of (6.9-10) with n e g l i g i b l e  time- 
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. 

0 

. 

Fig. 6.2. Same as Fig. 6.1 except N=50, t=l. 
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5 

0 

-5 

F i g .  6.3. Same as Fig. 6.1. except N=75, t=l. 

.. _ -  
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5 

0 

1 

-5 

Fig. 6 . 4 .  Same a s  F i g .  6 . 1 .  except  N=100, t = l .  
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N + y. t o  t h e  func t ion  

( 6 . 1 1 )  

f o r  t < T, whi le  uN f o r  N odd appears  t o  converge t o  

t h e  func t ion  

( 6 . 1 2 )  

f o r  t < IT . The r e s u l t s  p l o t t e d  i n  Fig.  6.5 f o r  u lO0(x , t=2)  

are a l s o  c o n s i s t e n t  wi th  convergence t o  t h e  wrong s o l u t i o n  

(6 .11 )  . Notice t h a t  t h e  approximations uN (x ,  t )  p l o t t e d  i n  

F igs .  6.1-5 a l l  e x h i b i t  a l a r g e  reg ion  of nonuniform con- 

vergence n e a r  x = 0 and x = IT and t h a t  t h e  r a t e  of  convergence 

t o  t h e  wrong s o l u t i o n s  (6.11-12) 

O < X < I T  i s  roughly l i k e  l/&. 

i n  t h e  i n t e r i o r  of t h e  in te rva l  

The o r i g i n  of t h e  divergence of  (6.9-10) from t h e  exac t  

s o l u t i o n  t o .  ( 6 . 8 )  i s  n o t  i n s t a b i l i t y ;  r a t h e r ,  t h e  divergence is 

due t o  incons is tency .  Since IIexp(%t)II  = 1, t h e  method i s  

s t a b l e .  To show t h a t  it is  not  c o n s i s t e n t  w e  estimate t h e  

t r u n c a t i o n  e r r o r  i n  t h e  L2 norm, 

-12- 
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. 

. 

10 

0 

-10 

Fig. 6 . 5 .  Same a s  F i g .  6 . 1  e x c e p t  PI=100, t = 2 .  Observe t h a t  t h e  r e g i o n  1 E of apparent  d i v e r g e n c e  is still O<x<t.  - I1 

L 
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E N = l l L u  - LNUl I ,  

f o r  u = x t  where LN = PNLPN and PN i s  t h e  Ga le rk in  

p r o j e c t i o n  o p e r a t o r  and L = - a/ax . T h i s  e r r o r  can  be 

bou.nded from below by 

E = I [ L U - P ~ L U + P ~ L U  - P  LP u I I  
N N N  

However, 1 1  (I-PN)Lu[l * 0 ( l i k e  l / J N )  as N -+ because 

t h i s  n o m  is j u s t  t h e  error i n  tt.e F o u r i e r  s i n e  series ex- 

pans ion  of Lu = - - x t  = t . There fo re ,  i f  w e  can show 

t h a t  IIPNL(I-PN)u[I does n o t  approach zero as N * 

t h e n  (6.9-10) is n o t  c o n s i s t e n t .  

a 
ax 

To e s t i m a t e  IIPNL(I-PN)uII w e  proceed a s  follows. 

Since  

-14- 



. 

03 

(I-P~)u = 1 a , ( t )  s i n  n x  
n=N+l 

w e  o b t a i n  

N 
1 b n ( t )  s i n  n x  

n = l  
PNL (I-PN)u = 

where 

4. 

IT m=N+l  2 2 
b n ( t )  =-- c - a m ( t )  

n -m m+n odd 

Therefore ,  s i n c e  t h e  Four i e r  c o e f f i c i e n t s  of u a r e  given by 
n+l 

a n ( t )  = 2 ( - 1 )  t / n  f 

- -  - 
2 

TF 
m+n odd 

m+n odd 

L n 
n=l N 

-15- 



fo r  s u i t a b l e  c o n s t a n t s  C and Cl. T h i s  completes  t h e  proof 

t h a t  I ILu - LNul I does no t  approach zero a s  N + a. 

B l a i r  Swartz ( p r i v a t e  communication, 1 9 7 6 )  t r a c e s  t h e  

incons is tency  of  (6.9-10)  t o  t h e  incompleteness  of t h e  s e t  

of f u n c t i o n s  { L ( s i n n x )  = - n c o s n  x,  n=1,2, ... 1 .  This  set of ‘ 

f u n c t i o n s  i s  made complete by augmenting it by t h e  f u n c t i o n  1. 

lated by a f u n c t i o n  uN of 

w e l l  approximated by t h e  

N * a ,  

Whereas u may be w e l l  approxi:  

t h e  form ( 6 . 9 1 ,  Lu may no t  be 

f u n c t i o n  Lu 

t h e n  

I n  f a c t ,  i f  N. 

lT 

I L U  - L U ~ ~  [SO as 

I 
0 

( L U  - LUN) dx * 0 ( N - t a ~ )  

S i n c e  

IT IT 

I Lu”=  - i 
0 0 

1 na cos n x  dx  = 0 ,  n 

Lu may b e  w e l l  approximated by LuN only  i f  

IT 

0 = 1 Lu dx = u ( 0 )  - u ( T ) ,  
0 

which i s  gene ra l ly  n o t  t r u e .  

As shown i n  F i g s ,  6.1-5, u ( x , t )  d o e s n o -  coverge to xt N 
as N + OD. The a n a l y s i s  g iven  above provides  no c l u e  t o  t h e  

f a s c i n a t i n g  way i n  which t h e  method achieves  t h i s  d ivergence ,  

N There i s  no i n d i c a t i o n  of t h e  ‘ e r r o r ’  wave (-1) lT(x-t) t h a t  

appears  i n  (6.11-12) and propagates  wi th  speed 1 a c r o s s  

0 < x < r . I t  s e e m s  t h a t  t h e  complete mathematical  a n a l y s i s  

of t h e  divergence of (6 .9 -10)  i s  d i f f i c u l t  and w e  do n o t  now 



N have a j u s t i f i a b l e  argument t o  demonstrate  convergence of u 

t o  u 

even and odd va lues ,  r e spec t ive ly .  

g iven  by (6.11-12) a s  N .+ 03 through even and Uodd 

I n  t h e  nex t  example w e  w i l l  show t h a t  it i s  not  simply 

t h e  presence of boundary condi t ions  b u t  r a t h e r  t h e  non-periodic  

n a t u r e  of  t h e  problem t h a t  causes t h e  divergence of t he  

F o u r i e r - s p e c t r a l  methods. 

Example 6.4 Non-periodic boundary-free problem 

Consider t h e  problem 

(6.13) 
U ( X , O )  = f ( x )  

The problem is  w e l l  posed without  spec i fy ing  any boundary con- 

d i t i o n .  However , . i t  is clear tha t  t h e  exac t  s o l u t i o n  g iven  by 

(6.14) 

is  n o t  p e r i o d i c - i n  x . S i n c e  r ( x )  = x - has 

a bounded derivative, 

6.2 t h a t  Fourier-Galerkin approximation t o  (6.13) i s  stable.  

Never the less  it i s  no t  convergent a s  shown by t h e  r e s u l t s  

p l o t t e d  i n  F igs .  6.6-8 fcr f ( x )  = s i n x  and N = 5 ,  1 0 ,  and 

20  

2 
it follows from Example 

- 

r e t a i n e d  terms i n  ' the  F o u r i e r  s i n e  series. 

-17- 



2'. 

1 

0 
0 

Fig .  6.6. A p l o t  of u ( x , t )  and U ( x , t )  vs x for N=5, 
t=0.5. Here u ( x , t )  is the  e x a c t  s a l u t i o n  of ( 6 . 1 3 )  and u,(x,t)  
i s t h e  Galerkin approximation t o  t h i s  s o l u t i o n  using an N t e r m  
F o u r i e r  s i n e  series expansion. Observe t h e  apparent  divergence . 
of u,(x,t)  from u ( x , t ) .  

7 

TI 
X 

-18- 
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2 

1 

0 1  

Fig. 6.7. Sane as Fig. 6.6. except N-10, t=.5. 

0 X n 
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Fig .  6 . 8 .  Same as F i g .  6 . 6 .  except PI=20, t=.5. 
. 

0 X 
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Polynomial Subt rac t ions  for Mon-Periodic Problems 

There is a method t h a t  can be used t o  ensure t h a t  Four ie r  

series y i e l d  convergent r e s u l t s  f o r  non-periodic problems. 

The i d e a  is  t o  express  t h e  so lu t ion  a s  t h e  sum of a low-order 

polynomial and a Four ie r  s e r i e s ;  t he  polynomial is chosen so 

t h a t  t h e  Four ie r  series converges r ap id ly  as suggested o r i g i n a l l y  

by Lanczos (1956,1966) . The method has been used by Orszag 

(1971C)  and Wengle & Seinfeld (1977)  t o  so lve  problems wi th  

non-periodic boundary condi t ions.  W e  i l l u s t r a t e  it here  

f o r  t h e  problem discussed  i n  Example 6.4.  

Example 6.5 Polynomial sub t r ac t ions  appl ied t o  Four ie r  s e r i e s  

The Four ie r  s i n e  series expansion of t h e  exac t  s o l u t i o n  

u ( x , t )  t o  ( 6 . 1 3 )  converges slowly because,  i n  genera l ,  

u ( 0 , t )  # 0 and u(.rr,t) # 0 . This  slow convergence of 

t h e  Four ie r  series of the exact s o l u t i o n  implies  t h a t  Galerkin 

approximation is  incons i s t en t ,  as shown using t h e  methods 

of Example .6.3. I n  order  t o  avoid slow convergence o r  even 

divergence, w e  proceed as follows. 

W e  seek the  s o l u t i o n  t o  ( 6 . 1 3 ) a s  t h e  sum of a l i n e a r  

polynomial and a Four ie r  series: 

where b ( t )  and c ( t )  a r e  chosen t o  ensure t h a t  a n ( t )  + 0 

r a p i d l y  a s  n -+ 03 . Subs t i t u t ing  (6.15) i n t o  (6.13) g ives  

-21- 



a3 + 1 a n ( t ) s i n n x  n 

n=l 

where 

Q) 

1 n 2nm a,(t) = c 2 z a m  + - a  2 n 
m = l  n -m 

n+m even 

( 6 . 1 6 )  

( 6 . 1 7 )  

. 

a c a s i n n x .  .( 3 - X)  ax n are t h e  Four i e r  s i n e  c o e f f i c i e n t s  of 

I f  w e  knew u ( 0 , t )  and u ( x , t )  we could set  b ( t ) = u ( T , t ) / x  and 

c (t) =u ( 0 ,  t)  /IT; w i t h  t h i s  cho ice ,  t h e  F o u r i e r  s i n e  series i n  

(6.15) does not e x h i b i t  t h e  Gibbs phenomenon and a n ( t ) = O ( l / n 3 )  

as n+=. However, the boundary c o n d i t i o n s  on u are  n o t  known 

as p a r t  o f  t h e  s p e c i f i c a t i o n s  of t h e  problem (6.13). There fo re ,  

w e  mus;t solve f o r  b ( t )  and c ( t )  d i r e c t l y  from t h e  d i f f e r e n t i a l  

equa t ion  * 

Equating c o e f f i c i e n t s  of s i n n x  i n  ( 6 . 1 6 )  g i v e s  

* - -  2 n+l + [b-c-2c'IE 2 e + an  ( n = l ,  . . . I  ( 6 . 1 8 )  dan - [~ ' -b '+~-b]--(- l )  d t  n 

where e = 1 i f  n is odd, 0 i f  n is even; h e r e  w e  u se  t h e  

F o u r i e r  s i n e  series expans ion  o f  1 and x: 
n 
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. 

OD 

1 = -  s i n  nx 
n=l  n odd 

71 4 1  n 
J 

OD 

n+l  s i n n x  
n x = 2 1 (-1) 

n=l  

3 A l s o ,  i f  b ( t )  and c ( t )  a r e  chosen so t h a t  a =O(l/n ) 

as n+a, then  t h e  Four ie r  series la s i n  nx may be d i f f e r e n t i a t e d  

t e r m w i s e  so 

n 

- n  

OD co a 71 1 a s i n = =  ( q - x ) -  1 an s i n n x =  (2-x) 1 na c o s n x  . 
- A  

TT 

n n ax 
n=l n=l  n = l  

Therefore ,  

OD 
71 

O D A  

l i m  1 an s i n n x  = 
x+O+ n=l  

1 ( - 1 1 ~  n a . 7T l i m  
x w -  n=l  n=l 

1 an s i n n x  = - - n 

. Using- these  r e s u l t s  and s e t t i n g  x =T and x = 0 i n  i 6 , l G )  

g ives ,  r e s p e c t i v e l y ,  

m 

- = -  db I (c-b) - 7 1 ( -11~  nan 
d t  2 n=l  . L. 

1 
(b-c) + - 1 n an . dc 1 

d t  2 
- = -  

n=l 

(6.19) 

(6.20) 

-23- 



Galerk in  approximation reproduces t h e  equat ions  ( 6 . 1 8 - 2 0 )  w i t h  

a = 0 f o r  n = N+1, N+2, ... n 

The above d e r i v a t i o n  sugges t s ,  b u t  does no t  prove, t h i ; t  

a n ( t )  + 0 s u f f i c i e n t l y  r a p i d l y  as n -f so t h a t  i ncons i s t ency  

problems a r e  avoided. The exac t  s o l u t i o n  of ( 6 . 1 3 ) ,  which 

s a t i s f i e s  (6 .18 -20)  w i th  N = a ,  does s a t i s f y  a = O(l /n  ) 

as n- . However, t h e  Galerk in  approximation wi th  f i n i t e  N 

does n o t  y i e l d  such a r a p i d l y  converging r e s u l t .  I n  f a c t ,  

estimates l i k e  t h o s e  g iven  i n  Example 6 . 3  show t h a t  

3 
n 

( 6 . 2 1 )  

;r a 
ax where v s a t i s f i e s  v ( 0 , t )  = v ( ~ , t )  = 0 and L = ( p - x ) -  

S ince  t h e  Galerkin approximation ( 6 . 1 8 )  is  s t a b l e  (see Example 

6.6), w e  expect  t h a t  t h e  e r r o r s  i n  t h e  Galerkin approximation 

(6.18-20) a r e  of  o r d e r  N-3/2 f o r  f i x e d  t .  

The above p r e d i c t i o n  has been t e s t e d  numerical ly .  I n  

Table  6 .1  w e  l i s t  f o r  va r ious  N t h e  maximum e r r o r s  i n  t h e  

approximation ob ta ined  by s o l v i n g  ( 6 . 1 8 - 2 0 ) .  A p l o t  of t h e  

error u,(x, t )  - u ( x , t )  v s  x f o r  N = 30, 4 0  a t  t = .5 is  

g iven  i n  F i g . .  6.9 - 10 . 
I n  t h e  nex t  example, we prove t h a t  t h e  method of 

polynomial s u b t r a c t i o n  used i n  Example 6.5 i s  s t a b l e .  

Example 6 .6 .  Proof of s t a b i l i t y  f o r  polynomial s u b t r a c t i o n s  - I  

It is n o t  obvious t h a t  t h e  approximation (6 .18-20)  i s  

stable. Four i e r  series approximation without  polynomial s u b t r a c t i o n s  

a r e  s t a b l e  b u t  n o t  c o n s i s t e n t  (see Exanple 6 . 4 ) .  On t h e  o t h e r  hand, 
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Table 6.1 

N 

5 

10 

15 

20 

25 

30 

35 

40 

= maxIuN(x,t=.5) - d x ,  t =.SI I EN 
- 

4.19 (-3) 

2 . 1 3  (-3) 

1 . 1 3  ( - 3 )  

8.28 (-4) 

5.76 (-4) 

4.70 (-4) 

3.64 (-4) 

3.13 (-4) 

N3/2 
E N  

4.7 (-2) 

6.7 (-2) 

6.6 (-2) 

7.4 (-2) 

7.2 (-2) 

7.7 (-2) 

7.5 (-2) 

7.9 (-2) 

Table 6.1. Errors in the polynomial-subtracted Fourier 

series approximation %(x,t) given by (6.22) and 

(6.18-20) for the problem (6.13) with f(x) = sinx 

f o r  t=.5. Observe that the errors appear to decrease as 

N'3'2 as N + in agreement with the estimate (6.21). 

. 
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. .  . 

Fig. 6.10. Same as Fig. 6 . 9 .  except N-40, t=.5. 

u40(x,.5) - u(x,.5 
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t h e  approximations ob ta ined  by polynomial s u b t r a c t i o n s  a r e  c o n s i s t e n t  

as shown b y  ( 6 . 2 1 )  , b u t  t h e i r  s t a b i l i t y  remains t o  be shown. 

To demonstrate  s t a b i l i t y  of (6.18-20) , w e  r e fo rmula t e  

t h e s e  equat ions  i n  t e r m s  of u N ( x , t )  de f ined  by 

N 
u,(x,t)  = b ( t ) x  + c ( t )  (n-x) + 1 a n ( t )  s i n n x .  

n=l  
( 6 . 2 2 )  

I n  terms of u , ( x , t ) ,  (6.18) is  e q u i v a l e n t  t o  

31 a x  s i n n x  dx = 0 ( n = l  ,...N), ( 6 . 2 3 )  
0 

w h i l e  (6.19-20) become, r e s p e c t i v e l y ,  

a t  ax 

x = o  

= 0, 

(6.24) 

(6.25) 

s u i n g  from n = 1 t o  n = N ,  and 2 
n'  Mul t ip ly ing  (6.23) by n a 

no t ing  t h a t  

N 2  1 n a s i n n x  , n 
- =  a 2 u ,  - 

n=O 2 ax 
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we o b t a i n  

( 6 .  2 6 )  

J L 

I n t e g r a t i n g  ( 6 . 2 6 )  once by p a r t s  and using ( 6 . 2 4 - 2 5 1 ,  w e  o b t a i n  

Therefore ,  

I n t e g r a t i n g  the second i n t e g r a l  on t h e  r i g h t  once by p a r t s  g i v e s  

so t h a t  

Thus, w e  o b t a i n  t h e  s t a b i l i t y  estimate 
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The bound (6.27) shows t h e  s t a b i l i t y  of (6 .18 -20)  . 
Examples 6.5-6 sugges t  t h a t  by s u b t r a c t i n g  polynomials  of  

h ighe r  and higher degree  from u ( x , t ) ,  t h e  r e s i d u a l  Four i e r  

series can  be made t o  converge f a s t e r  and f a s t e r .  S u b t r a c t i n g  

a l i n e a r  polynomial as i n  (6 .15)  g i v e s  Four i e r  approximations 

a s  N-- ; s u b t r a c t i n g  a q u a d r a t i c  -3/2 
w i t h  e r r o r s  of o r d e r  N 

polynomial g ives  Four i e r  approximations wi th  e r r o r s  of o r d e r  

N-’/*; and s o  on. In  t h e  l i m i t  w e  d i s p e r s e  e n t i r e l y  wi th  

Four i e r  s e r i e s  and o b t a i n  a r a p i d l y  converging polynomial 

approximation. 

s p e c t r a l  approximations i s  d i scussed  i n  t h e  next  two s e c t i o n s .  

The convergence theory  of t h e s e  polynomial 
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7. Appl ica t ions  of  A lgebra i c -S tab i l i t y  Analysis  

The main r e s u l t  of Sec. 5 does no t  provide u s  w i t h  a 

of Liapounov sys t ema t i c  way o f  cons t ruc t ing  t h e  family 

matrices necessary t o  prove aLgebraic s t a b i l i t y .  I n  g e n e r a l ,  

t h e s e  ma t r i ces  a r e  d i f f i c u l t  t o  f i n d .  However, t h e r e  a r e  

s e v e r a l  problems f o r  which they can be found d i r e c t l y  from 

HN 

t h e  d i f f e r e n t i a l  equat ion.  

It i s  very easy  t o  cons t ruc t  Liapounov matr ices  f o r  Galer- 

k i n  approximations t o  

when L ' i s  a semi-bounded ope ra to r  on - the  H i l b e r t  space 6. 
: W e  say t h a t  L is semi-bounded if 

* 
L + L  < a 1  

for some c o n s t a n t  a , where L* i s  t h e . a d j o i n t  of L de f ined  

w i t h  r e s p e c t  t o  t h e  H i l b e r t  space i n n e r  product  ( , 1 .  If L 

is semi-bounded 

so 

- -31- 



and t h e  'energy '  

t .  

( u ( t )  , u ( t )  1 grows a t  m o s t  e x p o n e n t i a l l y  w i t h  

If a n  energy estimate of t he  f o r m  ( 7 . 2 )  e x i s t s ,  t h e n  Ga le rk in  

approximation based on t h e  H i l b e r t  space i n n e r  product  

s t a b l e  (and, hence, a l g e b r a i c a l l y  s t ab le )  . The Liapounov 

( , - ) i s  

- 
m a t r i x  HN may be chosen t o  be t h e  PI x N i d e n t i t y  m a t r i x  

IN. %t follows f r o m  - t h e  . Galerk in  equa t ions  (2 .6-7)  W i t h  

-_ 

Thus, 

4 and 5 proves convergence f o r  c o n s i s t e n t  schemes. 

Example 7.1: Semi-bounded G a l e r k i n  approximations 

The above c o n s t r u c t i o n  e s t ab l i shes  s t a b i l i t y  and t h u s  con- 

vergence f o r  a wide v a r i e t y  of G a l e r k i n  approximations.  

these s t a b l e  Galerkin approximations are:  

Among 

(i) S o l u t i o n  of any problem ut = Lu t h a t  i s  semi-bounced 

i.n L2 (-1,l) by means of Legendre series. For example, 

U + ux = f ( x , t )  w i t h  u ( - 1 , t )  = 0 i s  s t a b l e  ( and  convergent)  t 
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when so lved  by Legendre-Calerkin approximation. 

t o  be complete it i s  necessary t o  v e r i f y  t h a t  t h e  Legendre- 

Ga le rk in  approximation t o  t h i s  problem i s  c o n s i s t e n t .  

For o u r  argument 

T h i s  i s  

done as fo l lows .  

W e  w r i t e  

The f i r s t  t e r m  o n  t h e  r i g h t  goes t o  zero as N + =  

governed s o l e l y  by t h e  smoothness o f  

error i n  t h e  N term Legendre-Galerkin expansion o f  Lu . 
The second term i s  es t imated  a s  fo l lows .  Set 

a t  a r a t e  

it measures the  Lu ; 

where {$n] are normalized Legendre polynomials. I f  L i s  

a f i n i t e - o r d e r  d i f f e r e n t i a l  o p e r a t o r  so L* is  also a f i n i t e -  

o r d e r  d i f f e r e n t i a l  o p e r a t o r  ( f o r  example, ~ * = a / a x - i f  ~ = - a / a x ) ,  

Thus 

Ian1 - < I I L * q  I I I ( I 'PN)Ul I 
A B  = O(n /N ) (n+a ; M-J ) 

where A depends on ly  on L ( A  = 3/2 i f  L = -a/ax and +n is a 

normalized Legendre polynomial) and B depends only  on t h e  

smoothness of u ( B  i s  a r b i t r a r y  if u is  i n f i n i t e l y  d i f f e r e n t i a b l e ) .  

Thus, 
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faster  than any power of  1 / ~  as N j C O  if u and a l l  i t s  

' d e r i v a t i v e s  are  smooth. This  proves cons is tency .  This  kind cf 

proof extends t o  a w i d e  v a r i e t y  of t h e  examples t o  be disc.ussed 

i n  Sects. 7 and 8 ,  bu t  w i l l  no t  be repea ted .  

(ii) So lu t ion  of ut = xux with  t h e  boundary c o n d i t i o n s  

u ( + l , t )  = 0 i s  a w e l l  posed problem i n  t h e  Chebyshev i n n e r  

product  
1 

I n  fac t ,  if L = x a/ax , u is  d i f f e r e n t i a b l e , . a n d  

u(+l) = 0 then ,  by i n t e g r a t i o n  b y . p a r t s ,  . .  

c 

3 

2 ~ z d x  - 0 . <- 2- L -_ - 1  
I (1-x 1 (U,LU) = 1' x(1-x2)- 'u u dx = - 

. .  X -1 -1 

Thus, Galerkin approximation t o  t h e  problem is s t a b l e  us ing  

Chebyshev polynomials.  

(iii) So lu t ion  of  u + u = 0 (0 < x < a) with t X - 
u ( O , t )  = 0 

product  

is  a w e l l  posed problem i n  the Laguerre h n e r  
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Q) 

(u ,v )  = / u(x )v (x )e -xdx  . 
0 

I n  fac t ,  if u ( 0 , t )  = 0 then,  by i n t e g r a t i n g  by p a r t s ,  

S i m i l a r l y ,  t h e  problem u t = u ( 0  - < x < a) w i t h  u ( 0 , t )  = 0 

is a lso  s table  i n  t he  Laguerre norm. 
xx 

( i v )  S o l u t i o n  of ut = -xux ( -03 < x < w)  is w e l l  

posed i n  t h e  H e r m i t e  i n n e r  product  

. -QJ 

I n  fact ,  

0) 2 
-X uux dx, a 

a t  -(u,u) = -2  J x e 
,co 

so t h a t  i n t e g r a t i o n  by p a r t s  g i v e s  

. 

w h e r e  w e  assume t h a t  U << x-' exp (i x2)  as 1x1 + 

(VI The heat  equat ion  ut = u xx w i t h  u ( + l , t )  = 0 i s  s e m i -  

bounded i n  t he  Chebyshev norm. I n  fact, i f  u is d i f f e r e n t i a b l e  

f o r  1x1 5 1 t h e n  
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1 
dx 2 - 2  1 

-1 

1 - -  1 

dx = (1-x2) uu I [ u ( l - x  1 lxux, 
2 -2 1 I_, (1-x I uuxx 

The first term vanishes because u is a polynomial in x and 

therefore u ( k 1 )  = 0 implies 

The integral term on the right is 

1 

3 5 
- 2  - -  

dx 1 2  2 1 r1 u 2 (1-x 2 ) 
- 9  J-, + 2 u x(1-x ) 

1 1 
.I. - -  
2 - $ I 2  x(1-x 2 ) dx 

1 
2 
- 

2 
) X  (1-x ) .dx 

- $  l2 = - Eumx 2 ) 

( 7 . 3 )  

and theref ore 



I n  t h e  next  t h r e e  examples w e  g e n e r a l i z e  t h e  p roof s  o f  s t a b i l i t y  

and convergence f o r  G a l e r k i n  approximations given i n  Example 

7.1 t o  show t h e  s t a b i l i t y  and convergence of t a u  dpproximations.  

Example 7.2: A semi-bounded t a u  approximation 

Consider t h e  equat ion 

w i t h  t h e  boundary cond i t ions  

E ( k 1 , t )  = 0, 

. It w a s  shown.in Example 7 . l ( i i )  t h a t  i f  L= xa/ax, t hen  

. -  in t h e  Chebyshev i n n e r  product.  I f  w e  seek t h e  s o l u t i o n  as the  
-~ . - . -. - . 

t r u n c a t e d  Chebyshev series 

? 

N . -  

n= 0 

by t h e  t a u  method, then  % s a t i s f i e s  e x a c t l y  t h e  equat ion  

ax a t  

Equating c o e f f i c i e n t s  of xN and x on both  sides of 

(7.4 ) , w e  o b t a i n  

d 
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N a i  - NaN = T 

a '  - (N- l ) aN- l  = T N - 1  N - 1  

2n-1xn n-3 n-2 + ... 
- n 2  x . Therefore ,  

- 
Tri .- s i n c e  

so t h a t  

, s i n c e  

w i t h  c =2,  0 

T h i s  proves 

n= 0 

c = l ( n > l ) ,  t h e  above inequality is equivalent to n - 

s t a b i l i t y :  aN and aN-l are bounded because they  

are determined i n  t e r m s  of ao ,  al,...,aN,2 by t h e  boundary . 
cond i t ions  u ( + l , t )  = 0.  

F o r  this example, w e  can prove s t a b i l i t y  d i r e c t l y  from t h e  

m a t r i x  r e p r e s e n t a t i o n  of  L ~ .  I n  f a c t ,  



1 N- 4 

c 

(7.72.)  

R even 
I n  t h e  t a u  approximation, t h e  boundary cond i t ions  u (21, t) = 0 r e q u i r e  

t h a t  t h e  l a s t  two rows of t h e  matr ix  LN be rep laced  by 

I f  t h e  boundary condi t ions  (7.7b,c)  a r e  xat q p l i e d  then 

t h e  s p e c t r a l  approximation i s  uns tab le :  without  t h e  boundary cond i t ions  

LN h a s  t h e  eigenvalue N [with t h e  eigenvector  aN-2k- - (  1 ,  N 

= 01 so t h a t  %-2k-1 

To prove convergence when t h e  boundary cond i t ions  (7.7b,c)  a r e  

a p p l i e d ,  l e t  us f i r s t  cons ider  an odd s o l u t i o n  i n  which a = 0 n 
i f  n i s  even. I f  w e  .assume t h a t  N = 2M+1 and set  

( 0  k L M )  - 
dk - a2k+l  . 

t hen  t h e  system reduces t o  

A 

where 

- = o h  a d  
a t  

M - i  
1 

I f  w e  in t roduce  t h e  M x M t ransformat ion  mat r ix  S de f ined  by 
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t h e n  S(D+D*)S* is  a d i agona l  m a t r i x  w i t h  e n t r i e s  

( - 4 ,  - 4 ,  ..., - 4 ,  -4N - 1 2 ) .  Thus, w e  o b t a i n  D + D* < 0, - 
+ +  

so t h a t  a ( d , d ) / a t < O  which proves s t a b i l i t y .  - 
Example 7 . 3 .  S t a b i l i t v  of t a u  methods aDDliPd tn  d p m r e e - y  - - - - - . . . - - - - - - . - -I-&----- -- -- 2--- ,educing 

semi-bounded equa t ions  

An argument s i m i l a r  t o  t h a t  g iven  i n  Example 7 . 2  demonst ra tes  

s t a b i l i t y  of t a u  methods i n  terns o f  a r b i t r a r y  orthonormal polynomial 
a l l  b a s e s  f o r  equat ions  - = Lu where L i s  semi-bounded and degree  a t  

reducing:  i s  s a i d  t o  be degree  reducing  i f  f o r  any polynomial 

PN of degree N, LPN i s  a polynomial o f  degree  a t  m o s t  N - k ,  
L 

where 

I f  L is degree reducing ,  equa t ing  c o e f f i c i e n t s  of x N- k+ 2 

i n  

k i s  t h e  number of  boundary c o n d i t i o n s  t h a t  a r e  a p p l i e d .  
N ,..., X 

N 

n=N- k+l 
- -  

'n'n 
- L U N +  1 a t  

implies t h a t  - r n ( t ) =  aA(t)  for n = N-k+l, ..., N; h e r e  

and t h e  o r thonorna l  expansion polynomial @ , ( X I  i s  assumed of  deg ree  n.  

There f o re,  

so t h a t  

N-k 
- a 1 a 2 2 o  a t  n 

n=O 
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which proves stability since aN-k+l,...,aN are determined by 

the boundary conditions in terms of N-k ao,al, ..., a 

S;;=imple 7 . 3 :  More stable tau approximations - 
(i) Suppose that 

= o  ( - 1 L x L 1 ,  t'0) Ut + ux 

u(-1,t) = 0 

is solved by tau approximation using Legendre polynomials. 

The Nth - degree Legendre -tau approximation %- satisfies 

a a 
at 5 + ax "N = aE;PN , u&l,t) = 0. 

Since 1 PN(x)dx = 2/(2N+1) [see A.251, we obtain 
-1. 

which proves stability. 

(ii) Suppose that 

xx Ut = u 

u(+l,t) = 0 

is solved by the tau method using Chebyshev polynomials. Since 
L = -  a2 * <  is degree-reducing and L + L - 0 [see Example 

ax 
7 . 1 ( v ) ] ,  the method is stable. 

(iii) The solution of 
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u t + u x = o  (0 - < x - < w ,  t > 0 )  

u ( 0 , t )  = s i n t  ( t  > 0)  

by Laguerre  polynomials is  s t a b l e  us ing  t h e  t a u  methoc! s i n c e ,  

by Example 7 . 1  (iii) , L i s  semi-bounded. The equa t ions  of 

t h e  Laguerre- tau approximation t o  (7 .8)  are a s imple m o d i f i c a t i o n  

of (2.23-24). I n - F i g .  7 . 1  w e  compare t h i s  t a u  approximation 

wi th  t h e  exac t  s o l u t i o n  of (7 .8)  a t  t = 30  f o r  a 2 0 - t e r m  

Laguer re  expansion. 

r e s u l t  ob ta ined  by  t h e  t a u  metho? w i t h  t h e  b e s t  Laguerre  approxi-  

mat ion t o  s i n  x p l o t t e d  i n  Fig.  3.12. 

The r e a d e r  should compare t h i s  approximate 

I n  t h e  next  example we d i s c u s s  some ways t o  f i n d  n o n - t r i v i a l  

Liapounov ma t r i ces  {HN} when L is  n o t  semi-boun2.ed. 

*- 

Example 7 e 5: . PQlymmial .approximations t o  a v a r i a h l e  c o e f f i c i e n t  
hype rbo l i c  equat ion  

Consider t h e  i n i t i a l - v a l u e  problem 

Ut = -xu X 

(7.9) 

which i s  w e l l  posed wi thou t  r e q u i r i n g  any boundary c o n d i t i o n s -  

The e x a c t  s o l u t i o n  t o  t h i s  problem is  

u ( x , t )  = g(xe-t)  

4 2 -  

- .  
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so t h a t  u ( x , ~ )  approaches a c o n s t a n t  a s  t+a: 

The problem is  well-posed i n  t h e  s e n s e  t h a t  I l e x p ( L t ) I  I 
is f i n i t e  f o r  f i n i t e  t ,  where L= - xa/ax and I I * I I  i s  

1 t h e  usua l  L2  norm. However, I lexp ( L t )  I I =  exp (7 t) so 

I I exp(L t )  I I is  unbounded as t-. To show t h i s ,  w e  obse rve  t h a t  

t he  f u n c t i o n  t h a t . e x t r e m i z e s  I / u ( t )  I I s u b j e c t  t o  1 l u ( 0 )  I I =  1 

satisfies u (x, 0) = gt ( X I  where 

The ope ra to r  L i s  semibounded i n  t h e  usua l  L2  norm: 

- < $ u 2  dx, 
-1 

so L + L* < I. Therefore ,  Galerk in  polynomial s o l u t i o n  of  

(7.9) i s  s t a b l e  and convergent .  T h e  Legendre polynomial approx- 

imat ion  % ( x , t )  sa t i s f ies  

- 

aUN aUN 
a t  ax 

+ x - =  0 - (7.10) 



e x a c t l y  because no boundary cond i t ions  a r e  appl ied  and L i s  

degree  preserv ing .  Therefore ,  G a l e r k i n ,  t a u ,  and c o l l o c a t i o n  

approximations to (7.9) a r e  i d e n t i c a l  and a l l  three methods 

a r e  s t a b l e .  

I n  f a c t ,  a l l  polynomial-spectral  methods app l i ed  t o  

(7.9) s a t i s f y  ( 7 . 1 0 ) ;  a l l  polynomial methods f o r  t h i s  problem 

g i v e  i d e n t i c a l  r e s u l t s  and, t h e r e f o r e ,  they  a r e  a l l  s t a b l e  i n  

t h e  usua l  . 2  L norm. I n  terms of t h e  n a t u r a l  norms f o r  a gene ra l  

polynomial basis {$nj, 

t h e  s p e c t r a l  approximation (7 .10)  is  a l g e b r a i c a l l y  s t a b l e  i f  

i.e. t h a t  norm i n  which ($Ji!$J. ) =6 3 i j '  

t h e  N x N mat r ix  whose e l e m e n t s  a r e  

has a c o n d i t i o n  number which i s  bounded a l g e b r a i c a l l y ,  i .e . ,  

1 1  "1 1 1  I"-'] I = 0 ( N B )  (N+-). 

'As an  example of t h e  complicated behavior  of s p e c t r a l  

approximations f o r  t h i s  problem i n  norms d i f f e r e n t  from t h e  usua l  

L2 norm, l e t  us cons ide r  t h e  Chebyshev-L2 norm. I t  may e a s i l y  

be shown t h a t  L + L* is  n o t  semibounded i n  the Chebyshev inne r  

product .  For example, cons ider  the  t r i a l  func t ion  

-45- 



sa t i s f ies  

1 
3 

= - N ( V , V )  . 

Never the l e s s ,  Chebyshev approximation t o  t h i s  problem is  

a l g e b r a i c a l l y  s table .  W e  w i l l  demonstrate  t h i s  f a c t  e x p l i c i t l y  

by c o n s t r u c t i o n  of a Liapounov mat r ix .  

A Liapounov m a t r i x  f o r  t h e  Chebyshev approximation t o  ( 7 . 9 )  

may be  found by direct  examination o f  t h e  e v o l u t i o n  e q u a t i o n  f o r  

t h e  vector 
+ 
a = ' (ao , . . . , a,) : N 

( n  = 0, ... , N ) .  (7.11) 
p=n+2 
p+n even 

Since  a. decouples from al , . . . ,a  i n  (7.11) , w e  can r e s t r i c t  

a t t e n t i o n  t o  al, .... aN. Suppose w e  d e f i n e  tb.e m3tr ix  H by 
N 

N 

T is  t h e  Liapounov m a t r i x  f o r  L~ : i n  f a c t ,  (5.7b) i s  s a t i s f i e d  " 
because 
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1 T -(H L 2 N N  + L"N) i' 0 

-1 
0 

-1 

-1 
0 

-1 
0 

0 

-1 
0 

-1 

-1 
0 

-1 
0 

? 
\ 

"i 
0 .  

The matrix d i sp layed  above has rank 

are 

2 and t h e  nonzero e igenvalues  

- [ N / 2 ] ,  - [  (N+1)/21. Therefore ,  by the  theory of Sec. 5, 

i s  where 11 11 is  now t h e  Chebyshev norm. Thus, LN 

a l g e b r a i c a l l y  s table  i n  t h e  Chebyshev norm even tholigh 

is unbounded i n  t h i s  norm. 

* 
L N + L N  

. 

The q u a l i t a t i v e  behavior  Of t h e  Chebyshev norm of exp(LNt)  

as a f u n c t i o n  

1 !exp(LNt) I I 
by fo l lowing  

On t h e  other 

Of N and t i s  as fol lows.  For f i x e d  t and N+w, 

= 0 ( N  'I4) ; 
the  argument given i n  Sec. 5 t h a t  led t o  ( 5 . 4 ) .  

hand i f  t > I RnN, 

t h i s  r e s u l t  i s  j u s t i f i e d  h e u r i s t i c a l l y  

[ lexp(LNt)  [ I = O ( N  '/*) as  N+-. 

A h e u r i s t i c  j u s t i f i c a t i o n  of t h i s  r e s u l t  is a s  fo l lows .  

u(x,O) = 1 f o r  ~ X ~ Z E ,  0 f o r  I x I > E .  Then t h e  e x a c t  s o l u t i o n  

o f  (7.9) f o r  t>Rn 1 / ~  is  u ( x , t )  % 1 f o r  I x l < l ,  - so I l u ( x , t )  ] I  
as E+Ot fo r  t>Rn 1 / ~ .  As i n  Sec. 5,  w e  conclude t h a t  

I l exp(LNt)  I I =  0 ( N  f o r  t >  I RnN as NM. [Even i n  t h e  usua l  

L2  norm, [ I exp(LNt)  1 I = 0 (N 1'2) when t > -, RnN,  which m i m i c s  t h e  

unbounded growth of I [ exp(Lt)I  I as  t -+a .] 

L e t  

2 
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8 .  Constan t  C o e f f i c i e n t  Hyperbol ic  Equat ions 

I n  t h i s  Sec t ion ,  w e  d i s c u s s  t h e  s t a b i l i t y  of s p e c t r a l  methods 

for  t h e  problem 

au au - 
a t  ax 
- + - -  

w i t h  t h e  i n i t i a l  c o n d i t i o n  

and t h e  boundary c o n d i t i o n  

u ( - 1 , t )  = 0 ( t  > 0 )  . ( 8 . 3 )  

The r e s u l t s  f o r  t h i s  problem c a n - b e  extended t o  a g e n e r a l  

hype rbo l i c  system of t h e  form . -  

ut = Aux 

w i t h  c h a r a c t e r i s t i c  boundary c o n d i t i o n s ,  because f o r  any hyperb'olic 

system A can b e  d i agona l i zed  by a . r e a l  s i m i l a r i t y  t r an fo rma t ion .  

The opera tor  L = - - a 
ax i s  semi-bounded i n  t h e  usua l  

L2(-l,l) norm when o p e r a t i n g  on t h e  subspace of f u n c t i o n s  v t h a t  

s a t i s f y  t h e  boundary c o n d i t i o n  v ( - 1 , t )  = 0. I n  fac t  



and t h e r e f o r e  Galerkin and t a u  methods are s t a b l e  using 

Legendre polynomials. 

However, L is  no t  semi-bounded i n  t h e  Chebyshev norm. To 

show t h i s ,  w e  set  

we f i n d  

I 2 -- av . ( V ,  [L+L*]V) = - 2  1 (1-x ) 2 - v dx 
-1 ax 

2 ~ - 4  
= -5 ( v , v ) .  ( 8 . 4 )  

The fact  t h a t  L+L* i s  not  semi-bo-ided i s  cons is ten t . -wi th  t h e  f a c t  

t h a t  exp(Lt )  is n o t  a bounded ope ra to r  f o r  t < 2  i n  t h e  Chebyshev 

norm (see Sec. 5). However, these r e s u l t s  do not  prove t h a t  

Chebyshev-spectral approximation - t o  (8.1-3) i s  not convergent.  . 

I n  fac t ,  w e  s h a l l  show t h a t ,  w h i l e  Chebyshev-spectral approximation 

t o  (8.1-3) i s  not  s t a b l e  i n  t h e  Chebyshev L2 norm, it i s  a l g e b r a i c a l l y  

e:: stable i n  t h i s  norm. 
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I n  order  t o  i n v e s t i g a t e  a l g e b r a i c  s t a b i l i t y ,  w e  must s tudy  more 

c a r e f u l l y  t h e  behavior  of  t h e  Chebyshev c o e f f i c i e n t s  of  t h e  

approximate s o l u t i o n  

N 

The d i f f e r e n t i a l  equat ions  f o r  t h e  a n ' s  a r e  given by ( 2 . 1 1 )  
f o r  Galerk in  approximation, (2 .19 )  f o r  t h e  t a u  method, and 

(2.32) f o r  the c o l l o c a t i o n  method. As remarked i n  Sec. 2 ,  . a l l  

these equat ions may be  w r i t t e n  i n  t h e  v e c t o r  form 

ag + 
- = ~ ~ a  a t  

-P 
where a = (ao.al, ... a and LN is  an N x N mat r ix .  The N -1 
v a l u e  of is determined in terms of by t h e  boundary 
c o n d i t i o n  ( 8 . 3 )  . 
Numerical Evidence f o r  Algebraic  S t a b i l i t y  

L e t  us  f i r s t  examine t h e  behavior  of LN + LN*. I n  Table  8 . 1  

w e  l i s t  

f o r  t h e  

l a r g e s t  

t h e  l a r g e s t  e igenvalue  of LN + LN* f o r  N= 10,20, ..., 1 0 0  

t h r e e  Chebyshev rrethods. 

p o s i t i v e  e igenvalue  of 

This  t a b l e  i n d i c a t e s  t h a t  t h e  

LN + LN* grows l i k e  c N 2  f o r  some 

c o n s t a n t  c . I f  L N  w e r e  a normal- ma t r ix  t h i s  would imply 

t h a t  1 1  eLNtII behaves l i k e  e x p ( 2  C N  t) . However, t h e  ma t r i ces  

LN 
do n o t  imply i n s t a b i l i t y .  

1 2  

t h e  l a r g e  eigenvalues  O f  LN + LN* are  n o t  normal and t h e r e f o r e  
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Table 8 . 1  

___I-- I -_-- 
T a u .  Galerk in  

! ! 
N i C o l l o c a t i o n  

< 21.4089 

84.8970 

190.4908 30 

338.1769 

527.9525 

40 

i 50 1 

60 1 2662.4966 ! 759.8167 

3631.0503 '1 1033.7690 

1349.8093 

1707.9375 

4749.5453 

70 

80 ' 6017.9812 

7436.3584 . 2105.1534 

1 
I 68.84U 1 
1 LO 

! 
1 287.6920 

1 656.4818 

1175.2124 

1 

i 
? ! 

2O I 
1 

4 
i 
i 1843.8839 . 

I 

I 

i 
i I 

I 
I 

-0° I 

7 2 .8 94 7 

296.3027 

669.6434 

1192.9231 

1866.1433 

2689.3042 

3662.4061 

4785.4489 

6058.4329 

7481.3579 

Table 8.1. The largest  p o s i t i v e  e iqenvalue  X m a x  of LN 
* 

+ 

for  t h e  Chebyshev-spectral  s o l u t i o n  of t h e  one-dimensional wave 
equa t ion  (8.1-3). The Galerk in  approximation t o  t h i s  problem i s  
g iven  by t h e  s o l u t i o n  t o  (2.11)  I t h e  t a u  approximation i s  g iven  

by (2.19), and t h e  col locat ion approximation i s  g iven  by ( 2 . 3 2 ) .  
Observe t h a t  Xmax 'L cN2 as  N -f 03 where c P 0.75 for t h e  
Ga le rk in  and c o l l o c a t i o n  inethods and c + 0 . 2 1  for the  t a u  
method. 
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I n  Table  8.2,  w e  g i v e  t h e  norms of t h e  matrices 
* 

e x p f ~ ~ l  exp[LN 1 f o r  t h e  t h r e e  p r o j e c t i o n  methods (Ga le rk in ,  

c o l l o c a t i o n ,  and t a u ) .  

on ly  l i k e  N a s  N -+a (as argued h e u r i s t i c a l l y  i n  Sec.5) . I n  o t h e r  

words I L i s  a l g e b r a i c a l l y  s t a b l e  ( a t  l e a s t  f o r  t=l) .  This  r e s u l t  

shows t h e  extreme pessimism of  t h e  energy e s t i m a t e  

0 (exp($  c N 2 )  ) ; c rude  energy methods may be  very mis leading  f o r  non- 

normal evo lu t ion  o p e r a t o r s .  

The r e s u l t s  i n d i c a t e  t h a t  1 lexp(LN) I 1 grows 

N 

I (exp(LN) I I = 

I n  o r d e r  t o  understand b e t t e r  how t h e  Chebyshev s p e c t r a l  

methods avoid  an  energy ' c a t a s t r o p h e '  [energy growth l i k e  exp(cN 2 t) 1 

w e  have solved the t a u  equat ions  ( 2 . 1 9 )  numerical ly  w i t h  a very 

'bad '  i n i t i a l  cond i t ion :  

For t h e ' t a u  method, t h i s  i n i t i a l  c o n d i t i o n  sat isf ies  

(N + a )  . at a ( u N ; s )  I =(UN,  ( L N ~ L ~  1%) = O ( N  2 

t=O 

I n  F i g s .  8.1-2 w e  plot t h e  energy ( U N , U N )  VS t f o r  N = 25 

and N = 50. I t  i s  appa ren t  t h a t  t h e  i n i t i a l  s l o p e  of t h e  energy 

growth is of o rde r  

r a p i d  r a t e  of growth. Observe t h a t  t h e  r e g i o n  o f  r a p i d  growth 

is closer t o  t = 0 fo r  N = 50 than  f o r  N = 25. The behavior  

observed i n  Figs.  8.1-2 i s  n o t  i n c o n s i s t e n t  w i th  t h e  f a c t  t h a t  

u N ( t  = 0) i s  a 'bad '  eigenmode of 

N 2  b u t  t h a t  t h e  energy does n c t  main ta in  t h i s  

i s  LN + LN*. Because LN 

-52- 

- ~ 



Table 8 . 2  

Tau Galerk in  
t 

Col loca t ion  -1 L, 

4.5339 

4.9855 

10 ' 

2 a  

30 

40 

50  

60 

70  

80  

90 

00 

4.8630 

5.2057 

2.0707 

2.7932 

3.4620 

4.0324 . 

4.5222 . 

4.9117 

5.2961 

5.6586 

6.0282 

6.3818 

* 
Table 8.2.  The l a r g e s t  e igenvalue A,, of exp (LN! exp (LN) 
Observe t h a t  Amax behaves a s  c N  1'2 a3  N + Q) where  
c = 0.6 f o r  all t h r e e  s p e c t r a l  methods. T h e  

l a r g e s t  e igenvalue  of exp (LN) exp (LN) grows on ly  l i k e  

growing l i k e  N2 (see Table  8.1). 

* 

N1/* d e s p i t e  t h e  e x i s t e n c e  of e igenvalues  of LN + L; 
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non-normal t h e  'bad '  i n i t i a l  c o n d i t i o n  is no t  

so t h a t  a f t e r  e v o l u t i o n  from 0 t o  t exp LN 
o u t  of t h e  reg ion  of bad modes of LM + LN*. 

The d i r e c t  computation of exp[LNtl  f o r  

v e r i f y  a l g e b r a i c  s t a b i l i t y  because t h e  theory  

t h a t  w e  m u s t  study t h e  behavior  of 

t h e  i n t e r v a l  0 - c t - < T . This may be done 

exp[LNtl  

an eigenmode of 

L N t ) ,  uN ' r o t a t e s '  

t=l i s  n o t  enough t o  

of Sec. 5 shows 

f o r  a complete 

using t h e  method 

suggested i n  S e c .  5 f o r  t h e  numerical  v e r i f i c a t i o n  of a l g e b r a i c  

s t a b i l i t y .  F i r s t ,  i n  Table  8 . 3  w e  l i s t  t h e  numerical-ly computed 

e igenvalues  of L N  . Observe t h a t  a l l  t h e  e igenvalues  of L N  have 

nega t ive  r e a l  p a r t .  (This  r e s u l t  w i l l  be shown r igo rous ly  l a t e r . )  . 

Therefore ,  I l e x p ( L N t ) I  I + 0 a s  t * O D  f o r  f i xed  N .  Thus 

t h e  Chebyshev approximations a r e  a sympto t i ca l ly  s t a b l e  i n  t h e  

s e n s e  t h a t  they remain bounded as t-f- wi th  N f i x e d .  

I n  F igs .  8.3-5, w e  p l o t  t h e  L1-matrix norm of exp(LNt)  

v s  t f o r  N=5,15,25. Observe t h a t  as t+- f o r  f i x e d  N ,  

I l exp(LNt)  I I l  approaches zero  while  it grows slowly ( l i k e  N 

as N*-. f o r  f i x e d  t < 2  ( N o t e  t h a t  growth of I lexp(LNt)  I I, 
l i k e  . N 1'2 as N+- is n o t  i n c o n s i s t e n t  wi th  growth of 

I lexp(LNt)  I l 2  l i k e  N1'4.) Also observe t h a t  t h e  norms seem 

t o  have a boundary l a y e r  a t  t = 2  such t h a t  I lexp(LNt)  1 1 ,  +O0 

as N- Lor t<2 and + O  as N+.m for t r 2 .  T h i s  behavior  

1/2) 

is c o n s i s t e n t  wi th  t h e  unboundedness of e x p ( L t )  f o r  t < 2  [ s ee  ( 5 . 4 )  1 .  

Asymptotic s t a b i l i t y  does not  prove s t a S i l i t y  because LN i s  

n o t  normal. The nex t  s t e p  i n  t h e  computat ional  proof of s t a b i l i t y  

i s  t o  compute numerical ly  t h e  Liapounov mat r ices  HN s a t i s f y i n g  
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N 

100 
d 

10 

20 

30 

40 

50 

60 

70 

80 

90 

Table 8.3 

Gale rk in  - 
-2,4532 

-2.5932 

-2.7267 

-2.849 5 

-2 . 966 9 
-3.0824 

-3.1985 

-3.3162 

-3.4365 

-3.5597 

Tau 

-2,9994 

-3.9320 

-4.5380 

-4.9918 

-5.3837 

-5 . 72 66 
-6 . 04 89 
-6.3650 

-6.6861 

-7.0229 1 
i 

Col loca t ion  

-1.9306 

-2.1591 

-2.32 47 

-2.4659 

-2.5965 

-2.7226 

-2.8478 

-2.9738 

-3.1017 

-3.4335 

Table 8.3. 
l ea s t  nega t ive  r e a l  p a r t  for t h e  c o l l o c a t i o n ,  t a u ,  and 
Galerk in  s p e c t r a l  approximations t o  (8 -1.3) . Since a l l  t h e  

e igenvalues  of LN have negat ive  r e a l  p a r t s ,  t h e s e  s p e c t r a l  
methods a r e  a sympto t i ca l ly  s t a b l e  a s  

The real  p a r t  of t h e  eigenvalue of LN with  

t --. 
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* - -  - I  (8 -6) " A N  -t AN HN 

A good method t o  compute 

( 1 9 7 4 ) -  I n  Table  8.4 w e  l i s t  the  c o n d i t i o n  number of HN f o r  

t h e  Ga le rk in ,  c o l l o c a t i o n  and t a u  methods. This t a b l e  sugges t s  

t h a t  the cond i t ion  number Of HN grows a t  most l i k e  N3 as N 

for t h e  Galerk in  and c o l l o c a t i o n  methods' and l i k e  NA f o r  t h e  

HN 
is descr ibed  by B a r t e l s  & Stewar t  

d 

.-I 

t a u  method, Reca l l i ng  (5.111, w e  o b t a i n  

f o r  a l l  t h r e e  methods. It should be  noted t h a t  (8 .7)  g i v e s  only  an 

upper bound f o r  I Iexp[$t]  I I . According t o  t h e  theory  given i n  

Sec,  5, t h i s  upper bound can be sharpened by a t  most I l $ J 1  I = O ( N  2 1 

(N--), exp la in ing  t h e  o r i g i n  of t h e  d i f f e r e n c e  between t h e  e s t i m a t e  

' (8 .7)  and t h e  observed behavior  N1'4 o f  t h e  computed L2-matrix 

norms. 
I n  t h e  above d i scuss ion ,  w e  have given numerical  evidence 

for a l g e b r a i c  s t a b i l i t y  of t h e  Chebyshev-spectral  methods f o r  

(8  -1) , W e  s h a l l  'now prove r igo rous ly  t h a t  Chebyshev-spectral  

methods f o r  (8 .1 )  a r e  a l g e b r a i c a l l y  s t a b l e ,  

Proof of  Algebraic  S t a b i l i t y  f o r  Chebyshev-Galerkin Approximation 

I n  t h e  Chebyshev-Galerkin approximation t o  (8.1) , w e  r e p r e s e n t  

t h e  s p e c t r a l  approximation % by t h e  series 

N 
n 

= C a n ( t )  [ ~ ~ - ( - i )  T ~ I  (8 .8 )  

The cond i t ion  number of HN can grow no f a s t e r  than N 5/2 as  

N--= To see t h i s ,  wenote  t h a t  ( 5 . 1 4 )  g ives  
wh i l e  (5.13) and t h e  r e s u l t s  t h a t  

n=l - 
' 

I /FIN1/ I =  O ( N  2 
'1') f o r  t < 2  I I exp(LNt)  I I = O ( N  - 

and I leXP(LNt) I I '0 as N j C O  f o r  t > 2  g ive  I I H ~ / I =  O ( N  1/2) 
as N+-. 
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Table 8 . 4  

I I 

I 

. - __--_- 
N I Col loca t ion  Tau I Ga le rk in  

- 
10 4 . 1 4 6 3  x 10 4 . 6 3 8 8  x 10 2 1  2 

1 . 2 4 2 1  x l o 3  
3 . 1 0 9 0  x 10 2 

I 

3 '  

4 
3 . 2 6 7 2  x 10 3 :  

3 :  
I 

3 . 0 3 3 2  x 10 20  

3 0  9 . 8 7 4 6  x 10 

4 0  

50 

2 . 7 9 3 8  x l o 3  
4 , 9 6 6 2  x 10 

1 . 0 4 6 4  x 10 . I 

3 '  2 . 9 0 8 3  x 10 4 '  I 

! 
4 '  

2 . 2 9 4 0  x l o 4  ! 
4 . 4 2 2 0  x 10 4 i  7 . 7 5 9 3  x 10 ' 4 . 6 1 3 8  x 10 I i I 

i 
! 

T a b l e  8 - 4 .  T h e  cond i t ion  number i n  the  
L2 m a t r i x  norm of t h e  Liapounov matrices " f o r  t h e  

c o l l o c a t i o n  , t a u ,  and Galerkin s p e c t r a l  methods f o r  ( 8 . 1 - 3 1 .  

For t h e  c o l l o c a t i o n  and Galerkin methods, t h e  cond i t ion  number S e e m s  
t o  grow a t  most l i k e  N 3  a s  N+- , w h i l e  f o r  t h e  t a u  

method- it s e e m s  t o  grow l i k e  PI2 as N+- . 

1 1  HN I I I I H i 1  I I 
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R e c a l l i n g  ( 2 . 3 4 )  , UN sa t i s f ies  

N 
W e  can  determine r N ( t )  by equating t h e  c o e f f i c i e n t s  of x 

i n  ( 8 . 8 ) :  

L e t  us  now mul t ip ly  bo th  sides of  ( 8 . 9 )  by 2 (1-x) uN and i n t e g r a t e  

w i t h  r e s p e c t  to t he  Chebyshev weight funct ior .  ( 1 - X  - 'I2.  Thus, 

t h e  l e f t -hand  side of  ( 8 . 9 )  becomes 

(8.10) 
-1 
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The boundary t e r m  i n  t h e  l a s t  expres s ion  vanishes  because 

is a polynomial s a t i s f y i n g  uN(-1) = 0 . Also, 
uN 

The f irst  and t h i r d  Sums on t h e  r i g h t  i n  ( 8 . 1 1 )  are  o r thogona l  

to t h e  r i g h t  s i d e  of ( 8 . 9 ) .  

w i t h  t h e  second sum on t h e  r i g h t  i n  ( 8 . 9 )  g i v e s  

The i n n e r  product  of ( l - x ) u N  

71 N n daN - z(-1) T a = - -  N N  4 a N d t  e (8.12) 

. Combining ( 8 . 1 0 )  and (d.l2lt w e  o b t a i n  

(8.13) 

This  i n e q u a l i t y  proves  t h a t  

i n  ( 8 . 1 3 ) :  
uN 

i s  s t a b l e  i n  t h e  new norm d e f i n e d  



( 8'. 14 ) 

have non- LN Observe t h a t  (8.13) imp l i e s  t h a t  t h e  eigenvalues  of  

posi t ive real  p a r t s .  

I It remains t o  prove t h a t  t h e  norin de f ined  by ( 8 . 1 4 )  i s  

a l g e b r a i c a l l y  equ iva len t  t o  t h e  usual  Chebyshev-L norm. That  2 

is, w e  must show t h e  e x i s t e n c e  of two f u n c t i o n s  cl(N) and c 2 ( N )  

such t h a t  f o r  every Nth degree polynomial u N 

1 u  2 1 ( l - x ) U N  2 2 
d x <  c dx (8.15) - d x <  

-1 m- 2-1 m = !  - 
1-1 /Gz 

The second i n e q u a l i t y  i n  (8.15) holds  wi th  c 2 ( N )  = 2 because 

1-x< 2. - 
The f irst  i n e q u a l i t y  i n  (8.15) i s  more d i f f i c u l t  t o  

e s t a b l i s h .  By t h e  mean-value theorem, 

H o w e v e r  t h i s  does n o t  prove t h e  requi red  i n e q u a l i t y  because it i s  
_ .  

n o t  clear t h a t  l / ( l - c N )  i s  bounded a l g e b r a i c a l l y  as N- f o r  a l l  

polynomials .  

To e s t a b l i s h  t h e  f i r s t  i n e q u a l i t y  i n  (8.15) w e  use a d i f f e r e n t  

approach, W e  s u b s t i t u t e  t h e  Chebyshev polynomial expansion 

N 
" 
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and o b t a i n  

I 
2 N 1 

-1 
2 J ( l - X ) U ,  dx = 2a; - 2a  a + 1 a 2 

3 1  n=l  n IT 

L7- 

( a o . . - a  1 T 
HN N 

= (a o. . .a 1 
N 

where H i s  t h e  symmetric, p o s i t i v e  d e f i n i t e ,  ( N + 1 )  x ( N + 1 )  

t r i d i a g o n a l  ma t r ix  whose elements  are  
N 

(8.16) 

otherwise ,  

where co = 2 ,  cn = 1 i f  n > 0.  To complete t h e  demonst ra t ion  of 

t h e  f irst  i n e q u a l i t y  i n  (8.151, w e  must show t h a t  H N 2 c 1 ( N ) I  

where c1 ( W ) > O  and l/cl ( N )  i s  bounded a l g e b r a i c a l l y  as N--. 

S ince  FTJ is n e a r l y  a cons tan t -d iaqonal  t r i d i a g o n a l  mat r ix ,  t h e  

e igenvalues  of HN can  be s t u d i e d  by s tandard  techniques :  i f  

DN = det(HN-XI) ,  t hen  DN satisfies t h e  three-term r e c u r r e n c e  

r e l a t i o n  

-66- 
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Since  (8 .17)  has  cons t an t  c o e f f i c i e n t s ,  it is  easy  t o  s o l v e  

e x a c t l y .  From t h i s  s o l u t i o n ,  it i s  n o t  hard t o  show t h a t  t h e  

s m a l l e s t  e iqenvalue  of H satisfies 
N 

Choosing c l ( N )  = h (N) gives l/cl(N) - 8 N 2 / r 2  (Woo) .  

This  proves t h a t  t h e  norm defined by ( 8 . 1 4 )  is  a l g e b r a i c a l l y  

min 

equ iva len t  t o  t h e  Chebyshev norm and, t h e r e f o r e ,  Chebyshev-Galerkin 

approximation t o  ( 8 . 1 )  is  a l g e b r a i c a l l y  s t a b l e .  N o t e  a l s o  t h a t  (8-13) - . 
shows t h a t  t h e  matr ix  HN. def ined i n  ( 8 . 1 6 )  s a t i s f i e s  (5.7b) wi th  

(5.11) 2 c ( N )  = 0. S ince  I I H N I I  = O(1) and llH,lll = O ( N  1 ,  

i m p l i e s  t h a t  I I exp(LNt)  I I = 0 (N) a s  N-J, which a l s o  follows 

d i r e c t l y  from ( 8 . 1 5 ) .  

W e  have n o t  y e t  been a b l e  t o  o b t a i n  a r igo rous  demonstrat ion 

t h a t  

Table  8 .2 .  Our b e s t  r e s u l t  t o  d a t e  is  I lexp($t)  I I = O ( N )  as 

N- . 

I l exp(LNt)  I I = 0 (Id4) ' a s  N- a s  found numer ica l ly  i n  

Although t h e  Problem (8.1) i s  n o t  w e l l  posed i n  t h e  Chebyshev norm 

(as shown i n  Sec. 5) , it is  well  posed i n  t h e  norm de f ined  by ( 8 . 1 4 )  . 
Using (8.1) and ( 8 . 3 1 ,  we o b t a i n  
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Thus, 

The proof of 

t o  t h a t  'just given 

approximation u 
N 

so t h a t  I le L t  1 1 . 1  i n  t h e  norm ( 8 . 1 4 ) .  

Proof of Algebraic  S t a b i l i t y  f o r  Chebyshev-Tau Approximation 

a l g e b r a i c  s t a b i l i t y  f o r  t h e  t a u  method i s  s i m i l a r  

f o r  Galerkin approximation.  The Chebyshev-tau 

s a t i s f i e s  

where 

(8.18) 

(8.19) 
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Morecvei, cromparing the c o e f f i c i e n t s  of xN o n  both  sides of 

(8.18) w e  f i n d  

daN 
T N W  = dt 

Eqs. (8.18-21) imply 

Since 

w e  obta in  

Therefore, (8.21) gives 
-_  

(8.233 
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is  s t a b l e  i n  t h e  norm 

impl i e s  t h e  

a U N  
ax T h i s  proves  t h a t  t h e  e v o l u t i o n  of - 

(8.14). F i n a l l y ,  t h e  boundedness o f  

" boundedness o f  u 

by (8.191, t h e n  

y N  
ax 

a s  w i l l  now be shown. I f  uN is g iven  

where 

c b  
( n  = 1, ..., N) - n-1 n - l - b n + l  

an - 2n 

The boundary cond i t ion  s(-l,t) = 0 r e q u i r e s  t h a t  

N 

n=l  n a = I  a 0 

There fo re ,  s i n c e  as ax i s  bounded a l g e b r a i c a l l y  as y-m, SO i s  uN. 

I n  Sec.11 w e  p r e s e n t  a v a r i e t y  o f  numerical  r e s u l t s  f o r  

t h e  numerical  s o l u t i o n  o f  (8.1)  by Chebyshev and Legendre s p e c t r a l  

methods. 

E f f e c t  of Boundary Condi t ions  on t h e  S t a b i l i t y  of S p e c t r a l  Methods 

L e t  US d i s c u s s  t h e  effect  of boundary c o n d i t i o n s  on  the  

s t a b i l i t y  of t h e  Cheybshev approximations t o  ( 8 . 1 ) .  I n  Sec. 6 it 

was shown t h a t  i n c o r r e c t  t r ea tmen t  of t h e  boundary does no t  a f f ec t  

t h e  s t a b i l i t y  (though it does a f fec t  t h e  convergence) o f  t h e  Four i e r -  

G a l e r k i n  method. T h i s  i s  n o t  t he  case f o r  t h e  Chebyshev-spectral  

methods. L e t  us assume t h a t  w e  s o l v e  ( 8 . 1 )  ignor ing  t h e  boundary 

c o n d i t i o n  ( 8 . 3 )  and suppose t h a t  The r e s u l t i n g  u (x,O) = T N ( x ) .  N 
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system of Galerk in  equa t ions  f o r  {an )  i s  

N 

n p=n+l 
2 c Pap 

a an 
a t = - -  C ( 8 . 2 4 )  

p+n odd 

where a n ( 0 )  = 6nN. Eq. (8.24) can e a s i l y  be solved: %-k(t) 

is  a polynomial ;n t of degree k of t h e  form . 

(8.25) 

This  so lu t , ion  i s  c l e a r l y  n o t  bounded by any f i n i t e  power of N. 

Thus, t h e  Chebyshev methods a r e  a l g e b r a i c a l l y  uns t ab le  when no 

boundary cond i t ions  are appl ied.  

If w e  had imposed t h e  boundary condi t ion  u ( + l , t )  = 0 i n  

a d d i t i o n  t o ,  o r  i n s t e a d  o f ,  t he  boundary condi t ion  u ( - 1 , t )  = 0 ,  

then  Chebyshev-spectral  s o l u t i o n  t o  (8.1)  would be uns t ab le .  

With u (+l, t) =O i n s t e a d  of ( 8 . 3 )  , t h e  Chebyshev-spectral  approximations 

t o  t h e  o p e r a t o r  -a/ax a l l  have eigenvalues  wi th  p o s i t i v e  r e a l  p a r t s  

( t h a t  grow as N * QJ). 

boundary cond i t ion  a u ( + l , t ) / a x  = 0 i n  a d d i t i o n  t o  u ( - l , t ) = O  [ a s  

i s  f r e q u e n t l y  done wi th  f i n i t e  d i f f e r e n c e  methods], an uns t ab le  

S imi l a r ly ,  i f  w e  t r i e d  t o  impose t h e  e x t r a  

scheme would r e s u l t ,  

The e f f e c t  of inpos ing  u ( + l , t )  = 0 i n  a d d i t i o n  t o  u ( - l , t )  = 0 

is s l i g h t l y  d i f f e r e n t  f o r  Legendre-spectral  methods, 

u ( + l , t ) = O ,  Legendre-spectral  methods f o r  s o l u t i o n  of (8.1) a r e  

semi-bounded. I n  f a c t ,  

With u ( - l , t ) =  

-1 
when v ( k l , t )  = 0 ,  so  t h e s e  methods a r e  semi-bounded and s t a b l e .  
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However, these spectral approximations are not consistent. 

For example, Galerkin approximation involves expansion of 

u(x,t) in terms of the functions $2n(x)=~2n(~) - Popi) 
'2n+1 (X)=P2n+1 (x)- P1(x) that 

But au/ax cannot, in general, 

functions +A(x) . 

satisfy @n(ki) = 0. 

be expanded in terms of the 

The above situations are typical of rapidly converging 

spectral methods. Spectral methods are extremely sensitive to 

the proper formulation of boundary conditions. When proper 

boundary conditions are imposed so the problem is well posed, 

the methods yield very accurate results; when improper boundary 

conditions are mistakenly applied, the methods are likely to be 

explosively unstable. The formulation of stable and convergent 

spectral methods is strikingly similar to the formulation of 

well-posed initial-value problems for the continuum equations. 
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9. T i m e  Di f f e renc ing  

I n  p rev ious  s e c t i o n s  w e  have i n v e s t i g a t e d  t h e  p r o p e r t i e s  of 

s p e c t r a l  approximations t o  t h e  s p a t i a l  o p e r a t o r  L of t h e  

d i f t e x - c n t i a l  equa t ion  

au 
a t  - =  L u .  

I n  t h i s  s e c t i o n  w e  i n v e s t i g a t e  t h e  p r o p e r t i e s  of t i m e - i n t e g r a t i o n  

t echn iques  f o r  the  s o l u t i o n  of t h e  semi-discrete s p e c t r a l  approx- 

i m a  t i o  ns  

Time d i s c r e t i z a t i o n  errors i n  b o t h  f i n i t e  d i f f e r e n c e  and 

s p e c t r a l  methods are  t y p i c a l l y  much smaller than  a r e  s p a t i a l  

d i s c r e t i z a t i o n  errors. There are t w o  reasons  f o r  t h i s :  (i) t i m e  

s t e p s  are f r e q u e n t l y  r e s t r i c t e d  i n  s i z e  by e x p l i c i t  s t a b i l i t y  

c o n d i t i o n s  -- s t a b i l i t y  o f  t he  t i m e  i n t e g r a t i o n  r e q u i r e s  t h a t  

t ime-d i f f e renc ing  e r r o r s b e  small: and (ii) many problems involve  

several space  c o o r d i n a t e s  so any p o s s i b l e  e f f i c i e n c y  i n  the 

r e p r e s e n t a t i o n  of the  s p a t i a l  v a r i a t i o n  of t h e  dependent v a r i a b l e s  

i s  q u i t e  impor t an t  t o  t h e  o v e r a l l  e f f i c i e n c y  of  t he  method-- if 

t h e  number of degrees o f  freedom necessary  t o  d e s c r i b e  a c e r t a i n  

three-dimensional  f i e l d  a c c u r a t e l y  can be reduced by two i n  each 

space  d i r e c t i o n  t h e n  t h e  t o t a l  number of degrees  o f  freedom i s  

d e c r e a s e d ' b y  a f a c t o r  8,  b u t  a s i m i l a r  improvement i n  t i m e  

d i f f e r e n c i n g  g i v e s  j u s t  a f a c t o r  2 .  W e  w i l l  i n v e s t i g a t e  

h e r e  on ly  f i n i t e - d i f f e r e n c e  methods o f  f i n i t e - o r d e r  accuracy f o r  
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t i m e w i s e  s o l u t i o n  of  ( 9 . 1 )  d e s p i t e  t h e  i n f i n i t e - o r d e r  

accuracy i n  space of many of t h e  s p e c t r a l - m e t h o d s  d i s c u s s e d  

i n  earlier s e c t i o n s .  No e f f i c i e n t ,  i n f i n i t e - o r d e r  a c c u r a t e  

t ime-di f fe renc ing  methods f o r  v a r i a b l e  c o e f f i c i e n t  problems 

are y e t  known. The c u r r e n t  s t a t e - o f - t h e - a r t  of  t i m e - i n t e g r a t i o n  

t echn iques  f o r  s p e c t r a l  methods i s  f a r  from s a t i s f a c t o r y  on  b o t h  

t h e o r e t i c a l  and p r a c t i c a l  grounds and t h e  r e s u l t s  t o  b e  p re sen ted  

h e r e  must be regarded  a s  o n l y  a beginning.  

One of o u r  prime g o a l s  is  t o  i n v e s t i g a t e  t h e  s t a b i l i t y  of  

t i m e  d i f f e r e n c i n g  methods f o r  t h e  s o l u t i o n  of  ( 9 . 1  1 .  

t h i s  w e  must f i r s t  e x p l a i n  how t o  extend t h e  s t a b i l i t y  d e f i n i t i o n s  

g iven  i n  Sec t s .  4 and 5.  

To  do 

n A 
L e t  u N ( x )  = u N (x,nAt) be  t h e  approx- 

imat ion  t o  t h e  s o l u t i o n  of  9 .1) a t  t i m e  nAt, where A t  i s  a 

t i m e  s t e p .  

i n  some way t o  g i v e  a r u l e  f o r  c o n s t r u c t i n g  

T ime  d i f f e r e n c i n g  methods involve  approximating ( 9 . 1 )  
n + l  . . uh 

n+l n 
U N . = Q(At )uN I 

where KN is an o p e r a t o r  a c t i n g  on UN - Using t h i s  r u l e  r e p e t i t i v e l y  

it fol lows t h a t  
’ .  

(9.3) 

where, f o r  n o t a t i o n a l  s impl i c i ty ,  w e  assume 

(10.2) i s  s t r o n g l y  s t a b l e  i f  

A t  f i x e d .  W e  say t h a t  
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f o r  a l l  N and n s u f f i c i e n t l y  l a r g e  and 

. H e r e  K(T)  is  a f i n i t e  f u n c t i o n  o f  T .  W e  d e f i n e  g e n e r a l i z e d  

s t a b i l i t y  by r e p l a c i n g  I<(T’) i n  ( 9 .  4 )  by N r + s T  

A t  s u f f i c i e n t l y  s m a l l .  

X ( T )  as i n ( 5 . 2 ) .  

A s u f f i c i e n t ,  though no t  necessa ry ,  c o n d i t i o n  f o r  s t r o n g  

s t a b i l i t y  ( 9 . 4  ) i s  

(9.5) 

f o r  some f i n i t e  IC and a l l  A t  s u f f i c i e n t l y  s m a l l .  I f  K N ( A t )  

i s  a normal matrix t h e n  s t r o n g  s t a b i l i t y  i s  a s su red  i n  t h e  La matrix 

norm if t h e  e igenva lues  X of “rJ s a t i s f y  t h e  von Neumann c o n d i t i o n  

for  s u f f i c i e n t l y  s m a l l  A t .  I f  -% is  n o t  a normal 

matr ix ,  t h e n  ( 9.6) i s  s t i l l  a necessa ry ,  though n o t  

s u f f i c i e n t ,  c o n d i t i o n  for  s t a b i l i t y  i n  t h e  sense  of ‘ ( 9 . 4  1 .  

The importance of t h e s e  s t a b i l i t y  d e f i n i t i o n s  i s  t h a t  t hey  

lead t o  t h e  f u l l y  discrete form of t h e  equiva lence  theorem (see 

Sec ,  4 ) :  a scheme is  c o n s i s t e n t  

I 

as N + 

scheme 

Q) and A t  -+ 0 f o r  a l l  u 

is  convergent  i f  

as  N * and A t  + 0 f o r  a l l  

i f  

(9.7) 

i n  a dense  subspace o f  H ;  a 
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a l l  u ( 0 )  E)(. The equiva lence  theorem s ta tes  t h a t  f o r  c o n s i s t a n t  

approximations to  well-posed problems, s t a b i l i t y  i s  e q u i v a l e n t  

to convergence. 

L e t  us now s t u d y  t h e  s t a b i l i t y  p r o p e r t i e s  o f  some 

specific t ime-di f fe renc ing  methods. 

I m p l i c i t  t i m e - i n t e g r a t i o n  methods 

Two t i m e - i n t e g r a t i o n  methods t h a t  are u n c o n d i t i o n a l l y  s t a b l e  . ___. 

in the generalized sense f o r  every algebraically stable spectral method 

are the Crank-Nicolson scheme and the backwards Euler scheme, For any 

semi-discrete s p e c t r a l  approximation ( 9 . 1 )  t o  ut = Lu, the 

Crank-Nicolson t ime-d i f f e renc ing  scheme i s  given by 

-~ - . __ ___ - . - - - _ -  __ ~ _ __ -_ - 

and t h e  backwards Euler  scheme is  g iven  by 

n + l  n + l  - %n = A t  LN U N  
N U ( 9 . 9 )  

L e t  us prove t h a t  (9.8) and ( 9 . 9 )  are s t a b l e  i n  t h e  g e n e r a l i z e d  

sense. I f  (9.1) is algebraically stable there exists a family of 

posi t ive d e f i n i t e  Hermit ian matrices {HN) such t h a t  

HN LN + LN* HN - < a ( N )  HN 

o r ,  e q u i v a l e n t l y ,  

< a ( N ) I ,  -1/2 -1/2 
HN ''* L N N  H + HN LN* HN - 
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where a(N)<d RnN for s o m e  f i n i t e  d. S u b s t i t u t i n g  - 

n 112 n 
N = HN N 

V 

i n t o  (9.8-9) I w e  o b t a i n ,  r e s p e c t i v e l y ,  

n-1 V 

n+l - YN . n  = A t %  ( N I f  2 N 
V 

where 

= HN1/2 L H -1/2 
MN N N  

Taking t h e  scalar product  of ( 9 .lo) w i t h '  

n + l  
V: + vN I w e  g e t  

A t  
2 

(9.10) 

(9.11) 

2 
n + l ~  1 2 + 1  ivJ I 1 I "N N - - 2 [ I I V ,  

n+l+, n I  [2< aAt 

(9.12) 
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There fo re ,  

(9.13) 

which proves  g e n e r a l i z e d  s t a b i l i t y  for vN and, hence,  a l so  f o r  

N. V. 
-1/2 u = HN N 

S i m i l a r l y ,  w e  may show t h a t  t h e  backwards E u l e r  method 

is u n c o n d i t i o n a l l y  s t a b l e  i n  t h e  g e n e r a l i z e d  sa?se. Taking t h e  

scalar  product  of ( 9 . 1 1 )  w i t h  vN n+l + vN g i v e s  n 

1 n+l  n+l  n + l  
= A t  (MN vN I 2VN - A t M N  vN 

(9.14) 
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so t h a t  

u” proving gene ra l i zed  s t a b i l i t y  of v and, hence, M 
N o t e  t h a t  t h e  above proofs  show t h a t  i f  a ( N )  i s  a bounded 

u i s  s t r o n g l y  s t a b l e  f o r  both 
N 

f u n c t i o n  of N t hen  vN = HN 

t h e  Crank- N i c o l s o n  and backwards Eu le r  schemes. 

S p e c t r a l  approximations us ing  Four i e r  series 

N e x t ,  we cons ide r  s e v e r a l  t i m e  i n t e g r a t i o n  

methods f o r  Four i e r  series s p e c t r a l  approximations t o  

u + ux t 0 

w i t h  p e r i o d i c  boundary cond i t ions .  As shown i n  Sec. 6 ,  t h e  

c o l l o c a t i o n  equa t ions  a r e  

WN -1 
a t  - =  C DCuN (9.15) 

where t h e  2N x 2N ma t r i ces  C and D are def ined  i n  ( 6 . 3 )  . 
The ‘ l e a p f r o g ’  t i m e  d i f f e r e n c i n g  approximation t o  ( 9  -15)  i s  

t h e  e x p , l i c i t  two-level  scheme 

n - = 2 A t  C - l  DCuN n+l 
N U 

Thus, i n  t h e  l e a p f r o g  scheme 

(9.16) 

KN(At)uN n = U N n-1 + ZAtC-’DCu: , 
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SO % 
bo th  uN and uN. The d e f i n i t i o n s  of s t a b i l i t y ,  convergence, 

and cons i s t ency  g iven  above extend e a s i l y  t o  t h i s  case. 

i s  a two-level e v o l u t i o n  o p e r a t o r  s i n c e  it depends on 
n- 1 n 

W e  sha l l  show t h a t  ( 9 . 1 6 )  i s  s t r o n g l y  s t a b l e  provided t h a t  

(9.17) 

To show t h i s  w e  f i r s t  recal l  from Sec. 6 t h a t  C is  u n i t a r y  

and D is  skew-Hermitian. Therefore ,  A = C-lDC i s  a l s o  skew- 

Hermit ian,  and hence normal, so t h a t  

I IAI I = 2~(N-l) . 
n + l  n-1 Now we take t h e  i n n e r  product  of (9.16) wi th  uN 

+ UN 

t o  get 

n n'l and uN are rea l .  S ince  A* = -A, w e  o b t a i n  N -  s i n c e  u 

Schwarz' i n e q u a l i t y  i m p l i e s  t h a t  0 
N *  

= u  so. U N  
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. 

so t h a t  if (9.17) is s a t i s f i e d ,  i .e.  A t l l A l I  5 1--E f o r  s o m e  E > 0, 

Using t h i s  r e s u l t ,  w e  o b t a i n  

( 9  -18) 
0' Since  UN is a bounded func t ion  of N (because of t h e  smoothness of 

-- 

t h e  i n i t i a l  c o n d i t i o n s ) ,  w e  see t h a t  

and n ,  proving s t rong  s t a b i l i t y .  

I Iu, n + l l  I is  bounded f o r  a l l  N 
- - - -_ __ - 

- - -  
a o t h e r  way to -p rove  t h a t  tile l e a p f r o g  and Crank-Nicolson t i m e  

d i f f e r e n c i n g  schemes are  s t r o n g l y  s tab le  f o r  ( 9 . 1 5 )  i s  t o  u s e  a 

modal a n a l y s i s ,  which is. j u s t i f i e d  because A i s  normal. Thus, 

i f  u is  an e igen func t ion  of A w i t h  e igenvalue  . A  , t h e  

Crank-Nicolson approximation t o  KN (At) is 

0 
N 

(9.19) 

-1 S i n c e  t h e  e igenva lues  X of C DC are a l l  pure imaginary,  it 

fol lows t h a t  

s table .  

I I KN ( A t )  1 I = 1 , so Crank-Nicolson d i f f e r e n c i n g  is  

S t i l l  ano the r  t i m e  d i f f e r e n c i n g  method for s o l u t i o n  o f  ( 9  - 1 5 )  

is  t o  use  a Runge-Kutta scheme. I t  e a s i l y  v e r i f i e d  t h e  f i r s t  and 

second-order Runge-Kutta methods are  u n s t a b l e  un le s s  A t  s a t i s f i e s  

c o n d i t i o n s  t h a t  are much more res t r ic t ive than  ( 9 . 1 7 ) .  With t h e  

f i r s t -order  Eu le r  method 

= < + AtAu" 
-81- N N f  

U 



2 s t a b i l i t y ' r e q u i r e s  t h a t  N A t  be bounded as A t  + 0 [because 

I.IG(At) I I =  1 + 0 ( N  2 2  
A t  1 I i with t h e  second-order scheme 

n 1 
= u + 7 AtAun N N 

n -n+1/2 = uN + AtAuN U I 
n+l 
N 

s t a b i l i t y  r e q u i r e s  t h a t  N 4 l 3 A t  be  bounded as  A t  + 0 .  However, 

t h e  t h i r d  and fou r th -o rde r  Runge-Kutta methods g i v e  c o n d i t i o n a l  

s t a b i l i t y  r e s t r i c t i o n s  l i k e  ( 9  -17) which w e  w i l l  now d e r i v e .  

The th i rd -o rde r  Runge-Kutta scheme may be w r i t t e n  f o r  a l i n e a r  

equa t ion  l i k e  ( 9 . 1 )  as 

n+l  
N U [I + A t A  + 1 / 2 ( A t ~ ) ~  + 3 n  

1 / 6 ( A t A )  l uN 

S i n c e  K N ( A t )  g iven  by (9.20) is  normal, 

(9.20) 

where t h e  maximum is t aken  over  a l l  t h e  e igenvalues  of  A.  

e igenva lues  of A are  i k  w i t h  I kl 5 2 7 r ( N - l ) ,  so ( 9 .6  ; is  

s a t i s f i e d  provided t h a t  

(9.21) 



Thus, t h i s  method al lows t i m e  s t e p s  t h a t  can be t i m e s  

larger  t h a n  w i t h  t h e  l eap f rog  scheme whi l e  main ta in ing  s t a b i l i t y .  

H o w e v e r ,  if t h e  o p e r a t o r  A is complicated,  t h e  t h i r d - o r d e r  

Runge-Kutta scheme r e q u i r e s  about 3 t i m e s  as much work a s  l e a p  

f r o m  a t  each time s t e p ,  so it is probably n o t  compet i t ive .  

S i m i l a r  a n a l y s i s  of  t h e  four th-order  Runge-Kutta scheme 

gives t h e  s t a b i l i t y  c o n d i t i o n  

(9.22 ) 

Thus t i m e  s t e p s  can b e  n e a r l y  t h r e e  t i m e s  l a r g e r  t han  wi th  

l e a p f r o g  s t e p s .  H o w e v e r ,  f ou r th -o rde r  Runge-Kutta d i f f e r e n c i n g  

r e q u i r e s  about  f o u r  t i m e s  t h e  work of  l e a p f r o g  d i f f e r e n c i n g ,  so 

t h e  scheme is  probably n o t  t oo  u s e f u l  u n l e s s  very h igh  accuracy  

is d e s i r e d .  

Now w e  s h a l l  c o n s i d e r  t ime-di f fe renc ing  methods f o r  F o u r i e r  

series s p e c t r a l  

boundary cond i t ions :  

approximations t o  t h e  h e a t  equa t ion  w i t h  p e r i o d i c  

u = u  (0 2 x < 1) t xx - 

C o l l o c a t i o n  us ing  F o u r i e r  s e r i e s  g i v e s  t h e  s p e c t r a l  

(9.23) 

equa t ions  
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The m a t r i x  C- I  D2C i s  n e g a t i v e  d e f i n i t e .  Because (9.19) s t i l l  

h o l d s  and a l l  e igenva lues  X are n e g a t i v e ,  Crank-Nicolson t i m e  

d i f f e r e n c i n g  is u n c o n d i t i o n a l l y  s table .  On t h e  o t h e r  hand, it 

i s  easy  t o  show t h a t  l e a p f r o g  d i f f e r e n c i n g  i s  u n c o n d i t i o n a l l y  

u n s t a b l e .  In  fac t ,  if uN is  an e igen func t ion  of C D C w i t h  

e igenva lue  X < 0 t h e n  I I K N ( A t )  n O  uNI I grows l i k e  

( - X A t  + l+(AAt) ) - e a s  A t  -+ 0 f o r  f i x e d  X and 

nAt. S ince  maxlXl =   IT (N-112 grows l i k e  N as N -t Q), 

I I K N ( A t )  .uNI I 
for  a l l  N ,  proving uncond i t iona l  i n s t a b i l i t y .  

0 -1 2 

2 2 

nn 
n O  cannot  be  bounded be a f i n i t e  f u n c t i o n  of nAt 

Another way t o  s o l v e  ( 9 . 2 4 )  i s  t o  use  a g e n e r a l i z e d  Dufort-  

Frankel  scheme 

n+l 
N 1 -1 2 n 2 n+l  n n-1 - 2% + UN = C D CuN - yN (uN 

U 

2 A  t 

( 9 . 2 5 )  

If .y 2- rr2 t h e n  t h i s  method is  u n c o n d i t i o n a l l y  s tab le  

(Go t t l i eb  & Gustaf fson  1 9 7 6 ) .  

S i m i l a r l y ,  Eu le r  t i m e  d i f f e r e n c i n g  of  ( 9 . 2 4 )  i s  c o n d i t i o n a l l y  

stable. S t a b i l i t y  r e q u i r e s  t h a t  

A t  maxi XI 
i 

< 2 or  ( 9 . 2 6 )  - 

Higher-order Adams-Bashforth schemes have s i m i l a r  c o n d i t i o n a l  

s t a b i l i t y  l i m i t s .  



Time-differencing f o r  mixed in i t ia l -boundary  va lue  problems 

Some c a r e  i s  necessary i n  t h e  formulat ion of t i m e -  

d i f f e r e n c i n g  methods for  s p e c t r a l  approximations t o  mixed 

in i t i a lkboundary  va lue  problems. The s e n s i t i v i t y  of s p e c t r a l  

methods t o  t he  proper  formulat ion of boundary c o n d i t i o n s ,  

as shown i n  S e c t s .  6-8, c a r r i e s  over  t o  t h e  formula t ion  

o f  t ime-di f fe renc ing  metnods f o r  these approximations.  

example, f o r  most mixed in i t ia l -boundary  va lue  problems l eap -  

f r o g  t i m e  d i f f e r e n c i n g  i s  uncondi t iona l ly  uns t ab le  f o r  s p e c t r a l  

approximations.  Furthermore, e x p l i c i t  t i m e  i n t e y r a t i o n  methods 

may b e  unduly r e s t r i c t e d  by c o n d i t i o n a l  s t a b i l i t y  requirements  

' i n  s p e c t r a l  approximations.  

For 

The o r i g i n  of  these seve re  

r e s t r i c t i o n s  i s  t h e  very high r e s o l u t i o n  of  s p e c t r a l  methods 

near  boundaries .  

s p e c i a l  k inds  of i m p l i c i t  t ime- in tegra t ion  methods w i t h  s p e c t r a l  

approximations i n  o r d e r  t o  maintain high accuracy a t  r easonab le  

computat ional  c o s t .  

Thus, it i s  f r equen t ly  necessary t o  combine 

Several  examples w i l l  be  given l a t e r .  

L e t  us  begin by s tudying t ime-di f fe renc ing  methods f o r  

t h e  Chebyshev-spectral  approximation t o  t h e  mixed i n i t i a l -  

boundary va lue  problem (8.1-3) ; 

Ut + ux = 0 (-l<x<l, - -  t ' O ) ,  (9.27) 

(9.28) 

(9 .29)  

u(x,O) = f ( x )  ( - l < x < l ) ,  - -  

u ( - 1 , t )  = 0 ( t > O ) .  
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In Sec. 8, ':E! proved that various semi-discrete spectral 

approximacL2ns to (9.27-29) are algebraically stable. 

Let us first consider the leapfrog time-differencing 

scheme 

n-1 + 2At LN % n , (9.30) 

where G(x) is the time-discretized approximation to 

uN(x,nAt), A t  is the time step, and the semi-discrete 

approximation is auN/3t =LN yJ. 
This scheme is unconditionally unstable for any At as N*-. 

To show this we recall that in Sec. 8. we proved that the 

eigenvalues of L have negative real part (see Table 8.3) 

and that the largest eigenvalue of L has a negative real 

part that grows like N2 as N-t-. Let us rewrite (9.30) 

in the- 2 x 2 block-matrix form 

N 

N 

(9.31) 

If the eigenvalues of 

eigenvalues of the matrix on the right in (9.31) are 
LN are denoted as pN, then the .. 

2 2  
v N  = PN A t  kJ1 + (At) 

(9.32) 
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For  f ixed  N and A t + O ,  

c 

(9.33) 

Thus 

S i n c e  I ] K N ( A t I n l  ])JAN ( - ) I n  and t h e r e  a r e  e igenvalues  of  

2 with  nega t ive  r e a l  p a r t  of o r d e r  N , no i n e q u a l i t y  of  LN 
t h e  form ( 9 . 4 )  can be  s a t i s f i e d .  Thus, l e a p f r o g  t i m e  

d i f f e r e n c i n g  of t h e  Chebyshev approximations t o  

is  uncond i t iona l ly  unstable .  

(9 .27-29)  

There a r e  s e v e r a l  cond i t iona l ly  s t a b l e  e x p l i c i t  t i m e -  

d i f f e r e n c i n g  approximations t h a t  can be used w i t h  s p e c t r a l  

approximations t o  (9 .27 -29) .  Two examples a r e  t h e  Adams- 

Bashfor th  scheme 

and the  modif ied Euler  scheme 

n = ui + A t  LN % 

1 n+l 
N UN Un + - A t  L 1 n+l = un + U A t  LN N N 

(9.35) 

(9.36a) 

(9.36b) 
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The modified Eu le r  scheme ( 9 . 3 6 ) i s  i n  p r a c t i c e  s t a b l e  provided  

t h e  s t a b i l i t y  c o n d i t i o n  

8 At c - z  ( 9  :371 

i s  s a t i s f i e d .  A s i m i l a r  s t a b i l i t y  c o n d i t i o n  h o l d s  f o r  t h e  

Adams-Bashforth scheme. 

The f a c t  t h a t  t h e  s t a b i l i t y  l i m i t  i n  ( 9 . 3 7 )  depends 

on 1 /N2  r a t h e r  t han  1 / N  i s  n o t  very  s u r p r i s i n g  

because the  Chebyshev c o l l o c a t i o n  p o i n t s  

are  spaced by a d i s t a n c e  o f  o r d e r  1 / N 2  near  t h e  boundar ies .  

Since.  t h e  wave speed i n  ( 9 . 2 7 )  is  1 t h e  wave p ropsga te s  from 

one g r id  p o i n t  t o  t h e  nex t  i n  a t i m e  of o r d e r  so t i m e  

s t e p s  must be  smaller t h a n  t h i s  t o  maintain e x p l i c i t  s t a b i l i t y .  

{cos Trn/N: n=O ,1, . t F J j  

l / N 2  

The expl ic i t  s t a b i l i t y  r e s t r i c t i o n  ( 9 . 3 7 )  f o r  Chebyshev- 

s p e c t r a l  methods w i t h  N polynomials  should be c o n t r a s t e d  w i t h  

t h e  corresponding s t a b i l i t y  c o n d i t i o n s  f o r  f i n i t e  d i f f e r e n c e  

aPProximatiOrSt0 ( 9 . 2 7 - 2 9 ) .  With 

i n  t h e  i n t e r v a l  -1<x<1, t h e  g r i d  spac ing  i s  2/N so t h e  

Courant  s t a b i l i t y  c o n d i t i o n  i s  A t  L 2 / N .  As N+a, t h i s  

s t a b i l i t y  c o n d i t i o n  :on f i n i t e  d i f f e r e n c e  schemes i s  much 

N g r i d p o i n t s  uniformly spaced 

- -  

weaker  than t h e  c o n d i t i o n  ( 9 . 3 7 )  on t h e  s p e c t r a l  approximations.  

A s e m i - i m p l i c i t  t echnique  t h a t  pe rmi t s  s t a b l e  t ime-d i f f e renc ing  

w i t h  s p e c t r a l  methods w i t h  a s t a b i l i t y  c o n d i t i o n  l i k e  t h a t  

of f i n i t e - d i f f e r e n c e  schemes w i l l  be  d i scussed  l a t e r  i n  t h i s  

s ec t ion .  

- 



I n  o r d e r  t o  prove t h a t  t h e  modified Euler method (9.36) 

i s  s t a b l e ,  we begin by not ing  t h a t  ( 9 . 3 6 )  is equ iva len t  t o  t h e  

second-order Taylor  series method 

n 
LN ) uN 5 G N N  u 2 2 n  1 

UN n+l = (I + A t  LN + T ( A t )  ( 9  3 8 )  

A s u f f i c i e n t  c o n d i t i o n  f o r  a l g e b r a i c  s t a b i l i t y  of (9.38) is 

t h e  e x i s t e n c e  of p o s i t i v e - d e f i n i t e  symmetric matrices 

such t h a t  
Sx 

GT S G < SN N N N -  

c o n d i t i o n  number of SN and t h e  

.for 

. 

some f i n i t e  B . If (9.39) 

s a t i s f i e s  

holds  then  

so tha t  

Therefore ,  

(9.39a) 

(9.39b) 
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so t h a t  

To complete t h e  s t a b i l i t y  proof w e  must i n v e s t i g a t e  

under w h a t  cond i t ions  matrices SN s a t i s f y i n g  (9.39) e x i s t .  

One choice f o r  SN i s  j u s t  t h e  Liapounov ma t r i ces  of L - ’  

t h e s e  mat r ices  s a t i s f y  

” 

From Table 8.4 w e  observe t h a t  t h e  Liapounov ma t r i ces  f o r  s p e c t r a l  

approximations t o  (9 .27-29)  have a l g e b r a i c a l l y  bounded c o n d i t i o n  

number. Using (9 .38 )  , w e  o b t a i n  

2 
GT s G = [I + A t  LN T 1  + - ( A t )  2 (LN) 2 T  I SN [ I+AtLN+q(a t )  . 1  ( L N I 2 j  

2 N N N  

or 

I T 
+ LN = - (9.40) 
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From (9.40), it follows t h a t  

T T 2 T  
(LN) SN + LN SN LN = -LN 

5 SN LN + SN L; = -LN 

( < ) T  SN LN + LN T SN LN 2 = -L T L 
N N  

so t h a t  

Thus I (9.39a) i s  s a t i s f i e d  provided t h a t  

- A t  (LN T + LN) ( 2 1  

- -  

A t  T SN LN 5 21 

(9.41) 

(9.4 2 )  

If (9.41-42) are s a t i s f i e d  then  t h e  modified Eu le r  method f o r  

(9-27-29) is  a l g e b r a i c a l l y  s t a b l e .  

A t  f i r s t ,  it may appear t h a t  t h e  s t a b i l i t y  cond i t ion  

( 9 - 4 2 )  is much more severe than  t h e  s t a b i l i t y  c o n d i t i o n  

(9.4 1). The Liapounov matrices of Chebyshev polynomial 

.:’.-. approximations t o  the wave equat ion s a t i s f y  I I s , I I  0(1) a s  

N * 00 whi le  t h e  o p e r a t o r  $ s a t i s f i e s  l lLN/I  = O ( N  2 ) [ see  Sec. 81 ,  
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I 

4 so t h a t  ( 9 . 4  2) seems t o  requi.re t h a t  A t = O ( l / N  ) a s  

N+-. However, t h e  s t a b i l i t y  c o n d i t i o n  (9.42) i s  no 

more r e s t r i c t i v e  than  t h e  s t a b i l i t y  cond i t ion  ( 9 . 4 1 )  

To see t h i s  w e  u s e  ( 9 . 4 0 )  w r i t t e n  i n  t h e  form 

T -1 LT - I  - -  
Lg S N  L N  L i l  + ( L N )  N N LN 

t o  o b t a i n  t h e  r e p r e s e n t a t i o n  [ see  (5.1311 

0)  

-It] d t  . LT s L -1 T 

0 
N N N = I exp[(LN t l  exp[LN 

It may be shown t h a t  t h e  norm of t h e  in tegrand  of (9.43) 

is  0(1) as N * - for t = O ( N  ) and t h a t  t h e  norm decays 

r a p i d l y  t o  zero a s  t + O D .  Therefore ,  

2 

(9.43) 

( 9 . 4 4 )  

showing t h a t  t h e  s t a b i l i t y  cond i t ion  (9.42) is of t h e  form 

A t  = 0(1/N ) .  2 
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Semi- imp1 i c i t  methods 

When ex? l i c i t  t ime-stepping methods are used t o  s o l v e  

semi -d i sc re t e  s p e c t r a l  equat ions  f o r  t h e  hype rbo l i c  problem 

c 

a u  - 0 ( - l < x < l )  a u  
a t  a x  - -  - + a ( ~ )  - - (9.45) 

w i t h  a p p r o p r i a t e  boundary cond i t ions  [ t h a t  depend on t h e  s i g n  

of a ( x ) ] ,  t h e r e  r e s u l t  s t a b i l i t y  c o n d i t i o n s  of  t h e  form 

These s t a b i l i t y  l i m i t s  can be  de r ived  h e u r i s t i c a l l y  from t h e  

Courant s t a b i l i t y  c o n d i t i o n  

( 9  -47) 

where aeff i s  t h e  e f f e c t i v e  wave propagat ion speed i n  a 

d i r e c t i o n  i n  which t h e r e  is e f f e c t i v e  g r i d  r e s o l u t i o n  

N e a r  t h e  boundaries  x = + l ,  t h e  Chebyshev-spectral xskhods have 

r e s o l u t i o n  

the i n t e r i o r  of - l < x < l ,  Chebyshev series have e f f e c t i v e  r e s o l u t i o n  - 

Axeff. 

= O ( l / N 2 )  as N- wh i l e  a - - a ( _ + l ) ;  i n  
Axeff e f f  

1 = O( ) as N-- while t h e  l a r g e s t  wave spped i s  maxla(x)  1 .  Axeff 
Thus, ( 9 . 4 7 )  i m p l i e s  (9 .46)  f o r  t h e  Chebyshev-spectral  methods. 

The s t a b i l i t y  c o n d i t i o n  ( 9 . 4 6 )  i s  too seve re  f o r  many 

a p p l i c a t i o n s  because it r e q u i r e s  t h a t  A t  = 0 ( 1 / N  2 ) . 
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I n  o r d e r  t o  r e l a x  t h i s  s e v e r e  c o n s t r a i n t ,  w e  u se  a semi - impl i c i t  

method i n  which t h e  propagat ion  through t h e  h igh - re so lu t ion  boundary 

is  treated i m p l i c i t l y ,  b u t  t h e  propagat ion  through t h e  i n t e r i o r  i s  

t r e a t e d  e x p l i c i t l y .  

One p o s s i b l e  semi- impl ic i t  scheme is  t h e  fo l lowing  two-step 

method. Let LN be t h e  Chebyshev-spectral  approximation t o  

-a ( x )  w i th  a p p r o p r i a t e  boundary c o n d i t i o n s  a p p l i e d ,  and 

LG, LN be t h e  Chebyshev s p e c t r a l  approximations t o  t h e  

c o n s t a n t  c o e f f i c i e n t  wave o p e r a t o r s  - a ( + l )  a/ax, -a ( - l )  a /ax,  

r e s p e c t i v e l y ,  aga in  w i t h  a p p r o p r i a t e  boundary c o n d i t i o n s  a p p l i e d .  

A semi- impl ic i t  two-step scheme is  given by 

a 
- + 

(9.48a) 

1 

(9.48b) + n+T 1 n+l - I n+l - - ,"+T + +*t (LN - LN) UN r A t  LL N U - N  

The scheme (9.48) is stable i f  t h e  s t a b i l i t y  c o n d i t i o n  

1 
" I N m a x l a ( x ) I  ( 9  - 4 9 )  

is s a t i s f i e d .  

The cond i t ion  ( 9 . 4 9 )  i s  s u f f i c i e n t  t o  ensure  s t a b i l i t y ,  

b u t  t h e  semi- implici t  scheme (9.48) may be s t a b l e  even if 

( 9 . 4 9 )  i s  v i o l a t e d .  If maxla(x) l< l  a ( l ) l  or maxf a ( x ) I <  1 a ( - l ) l  , 



(9.48) 

large N (see Sec.  8 of Orszag 1 9 7 4 ) .  The implementation 

of (9.48) on a computer is s t r a igh t fo rward  and e f f i c i e n t ;  t h e  

p r o p e r t i e s  of Chebyshev polynomials summarized i n  t h e  Appendix 

show t h a t  t h e  i m p l i c i t  equa t ions  (9.48) are e s s e n t i a l l y  t r i d i a g o n a l  

m a t r i x  equa t ions .  

i s  u s u a l l y  uncond i t iona l ly  s t a b l e  f o r  s u f f i c i e n t l y  

The r eason  t h a t  t h e  semi- impl ic i t  method o u t l i n e d  above 

does n o t  have a s t a b i l i t y  r e s t r i c t i o n  l i k e  

understood as follows. By s u b t r a c t i n g  Li and L i  i n  succeeding 

h a l f  t ime-s teps ,  t h e  e x p l i c i t  p a r t  of t h e  c a l c u l a t i o n  is  s i m i l a r  

to t h a t  i n  s o l v i n g  an equat ion of t h e  form 

A t  = O(l/NL) can be 

0 au 2 au - + (1-x ) b ( x )  - = a t  ax 

where t h e  wave speed vanishes  a t  x = t  1. I f  b (x) = b ,  a 

c o n s t a n t ,  t h e  Chebyshev-tau equat ions  f o r  ( 9  .SO) are j u s t  

(9.50) 

(9.51) 

where c = 2 and c = 1 f o r  n>O. By Gerschgor in ' s  theorem, 0 n 
I ILNI I for (9.51) s a t i s f i e s  

(9.52) 

so t h e  e x p l i c i t  t i m e  s t e p  r e s t r i c t i o n  i s  

N- . 
A t  = O(l/bN) as  
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W e  note  t h a t  Chebyshev-spectral  approximations 

are s t a b l e  when no boundary c o n d i t i o n s  are a p p l i e d .  I n  f a c t ,  

u s ing  Galerkin approximation and t h e  Chebyshev i n n e r  p roduc t ,  

w e  o b t a i n  

t o  ( 9  -50) 

- aUN + b(1-x - 2  1 ax a U N  = 0 .  
('N, a t  

so 

dx a 1 2 
N 1 u  d - -- dx = - b I  /s ax uN 

dt -1 Jl-x2 -1 

1 XUN 2 2 
= -b dx [ b l  / UN dx . 

-1 J S  -1 /1-x2 

Theref o r e ,  

Proving s t a b i l i t y .  

There a r e  o t h e r  a t t rac t ive  semi- impl ic i t  schemes f o r  ( 9 . 4 5 ) .  

For example, suppose a ( x )  i s  one-signed, say a ( x ) > O ,  and l e t  

a = maxa(x)  . Define Lyx as t h e  Chebyshev approximation t o  max 
1 - - a  

semi- impl ic i t  Chebyshev s p e c t r a l  scheme f o r  (9.45) i s  

- 
a 

w i t h  boundary c o n d i t i o n s  imposed a t  x = -1. A 2 max E 

Lmax max un+' = $ + At(LN - N N - A t  LN n+l  
N U 
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The scheme (9.53) i s  Usually uncond i t iona l ly  s t a b l e  and 

t h e  severe t i m e  s t e p  r e s t r i c t i o n  ( 9 . 4 6 ) .  I t  i s  a l so  e a s y  

avo i d s  

t o  

implement e f f i c i e n t l y  because L r x  i s  a Chebyshev approximation to - 
a c o n s t a n t - c o e f f i c i e n t  wave o p e r a t o r .  

t 

The same kind  of t r i c k  s t a b i l i z e s  s p e c t r a l  methods f o r  non- 

l i n e a r  equa t ions .  For example, i f  w e  are s o l v i n g  t h e  equa t ion  

d u r i n g  a t i m e  i n t e r v a l  i n  w h i c h  

t h e n  w e  may use  t he  s e m i - i m p l i c i t  scheme 

u ( x , t )  i s  smooth (no shock waves) t 

au 1 - u) a 2  
ax - =  ( p  max ax max z + +  

at 

i n  which t h e  t e r m s  on t h e  l e f t  are treated i m p l i c i t l y  i n  t i m e ,  

w h i l e  t h o s e  on  t h e  r i g h t  are treated e x p l i c i t l y .  Here umax 

a n  estimate o f  t h e  la rges t  va lue  of 

m e t h o d s  are e f f e c t i v e  i n  e l i m i n a t i n g  ( o r  a t  least  r e l a x i n g )  t i m e -  

s t e p  r e s t r i c t i o n s  f o r  f i n i t e - d i f f e r e n c e  methods. 

is 

u ( x , t )  . S i m i l a r  semi- impl ic i t  

The key idea 

i s  t o  r ecogn ize  t h e  sou rce  t e r m  of a numerical  i n s t a b i l i t y  and then  

to approximate it by a s i m p l e  expres s ion  t h a t  can e a s i l y  be treated 

i m p l i c i t l y .  

D. Haidvogel h a g  po in ted  o u t  t h a t  t h e  semi- impl ic i t  scheme 
(9.53) w i t h  LN 
to +(bx+c)  a/ax, where b+c = a ( + 1 ) ,  c-b = a ( - l ) ,  i s  a l s o  
s table  under the weak r e s t r i c t i o n  ( 9 . 4 9 ) .  T h e  r e s u l t i n g  
i m p l i c i t  equa t ions  are s t i l l  t r i d i a g o n a l  [ s e e  (A. 9 1 , (A. 18 1 ] . 

rep laced  by a Chebyshev s p e c t r a l  approximation 
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Several  o t h e r  examples of semi- implici t  methods should make 

t h e  gene ra l  technique clear. 

equat ion 

For t h e  v a r i a b l e  c o e f f i c i e n t  h e a t  

u = k ( x )  uxx t ( - 1< x< 1 1 - -  

wi th  s u i t a b l e  boundary c n d i t i o n s  t x = f l  and 

Chebyshev-spectral methods give e x p l i c i t  t ime-step 

cond i t ions  of t h e  form 

1 
1 1 1 

A t  < min - k (-1) N ' k ( l ) N 4  ' N2maxk(x) 
I x l < l  

(9.54) 

4 The very severe  t i m e  s t e p  r e s t r i c t i o n  t h a t  A t  = 0(1/N ) as 

N- is due t o  t h e  high r e s o l u t i o n  of Chebyshev series near  t h e  

boundaries x = 51. 

method. L e t  LN be t h e  Chebyshev-spectral approximation t o  

k ( x )  a2/3x2 and l e t  

To avoid t h i s  problem w e  can use a semi- implici t  

L p x  be t h e  Cheby shev- s p e c t r a l  appro xima t i o  n 

= maxk(x) . The semi- implici t  max a2/3x2 where k 1 
2 m a x  to -k 

scheme (9.53) with Gax def ined  i n  t h i s  way 

s e e m s  t o  be uncondi t iona l ly  s t a b l e  (Orszag 1 9 7 4 )  and c e r t a i n l y  

does n o t  have any s t a b i l i t y  r e s t r i c t i o n s  of t h e  form ( 9 . 5 4 ) .  

F i n a l l y ,  w e  comment on t h e  need f o r  i m p l i c i t  o r  semi- implici t  

schemes i n  multi-dimensional problems. If we wish t o  so lve  t h e  

Navier-Stokes equat ions  

j. .-+ 2 +  - a u + t . v u = - v p + v V  u a t  ( 9  - 5 5 )  



. 

for  incompress ib le  f l u i d  flcw, t h e  t r ea tmen t  o f  t h e  v a r i o u s  terms 

should  be guided c l o s e l y  by the type  o f  s t a b i l i t y  r e s t r i c t i o n s  

t h e y  impose. 

If v= 0 then  w e  need only cons ide r  t h e  t y p e s  of  s t a b i l i t y  
+ +  

r e s t r i c t i o n s  induced by t h e  advec t ive  t e r m  -u.Vu and by t h e  

p r e s s u r e  t e r m  -Vp; w e  w i l l  n o t  d i s c u s s  t h e  effect  of t h e  
+ 

p r e s s u r e  because i t  i s  c l o s e l y  connected t o  t h e  incompress ib l i t y  

c o n d i t i o n  V.u=O and i s  not r e l e v a n t  t o  t h e  semi- impl ic i t  ideas  

d i s c u s s e d  here. 

+ 

A t  a boundary of t h e  flow, it i s  a p p r o p r i a t e  t o  

s p e c i f y  boundary c o n d i t i o n s  on  + +  u.n where + n i s  the  normal 

t o  t h e  boundary. 

u.n=O 

(9.50). 

I f  t h e  boundary i s  s o l i d  and s t a t i o n a r y ,  then  
+ +  

and w e  are  i n  a s i t u a t i o n  s i m i l a r  t o  t h a t  modelled by 

The effective convect ive speed normal t o  t h e  boundary 

van i shes ,  so s p e c t r a l  methods exh ib i t  no unusual t i m e  s t e p p i n g  

r e s t r i c t i o n s .  However, i f  f l u i d  is be ing  blown i n t o  o r  sucked 

o u t  of t h e  boundary so u . n f 0 ,  t hen  semi- impl ic i t  methods must 
+ +  

be  a p p l i e d  t o  avo id  unreasonably res t r ic t ive c o n d i t i o n s  l i k e  

( 9 . 4 6 )  on  t h e  time s t e p s .  

If v>O, t h e n  t h e  v iscous  t e r m s  i n  t h e  Navier-Stokes equa t ions  

should  be  t reated i m p l i c i t l y  ta --?void unreasonable  t i m e  s t e p  

r e s t r i c t i o n s  

nea r  t h e  boundary. 

due t o  t h e  h igh  r e s o l u t i o n  of s p e c t r a l  approximations 



10. E f f i c i e n t  Implementation o f  S p e c t r a l  Methods 
- -. - -_ - -. - - - -__ 

There are t w o  a s p e c t s  of t h e  e f f i c i e n t  implementation of 

s p e c t r a l  methods t h a t  w e  d i s c u s s  he re :  (i) e v a l u a t i o n  of 

d e r i v a t i v e s ;  (ii) e v a l u a t i o n  of n o n l i n e a r  and- noncons tan t  - - _ _ _ _ _ _  

c o e f f i c i e n t  t e r m s ;  (iii) roundoff e r r o r s .  More d e t a i l s  o n  . _ -  

t h e s e  matters are g iven  elsewhere (see t h e  Refergnces) .  - -  . -  - 

- Evalua t ion  o f  d e r i v a t i v e s  - .  _ _  . -  

An e f f i c i e n t  procedure t o  o b t a i n  t h e  expans ion-coef f ic ien ts : -  - _  .:. : 

of d e r i v a t i v e s  of  a f u n c t i o n  f (x) i n  t e r m s  of t h e  expansion- - - 1 -  - -  

- - - _  c o e f f i c i e n t s  of  f (x) is  t o  use  r ecu r rence  r e l a t i o n s ; -  :For: i - -  - c  

- - - -  _ -  - ,. - -  - - - _  - _ _  - -  example, t o  e v a l u a t e  t h e  t e r m  .. . . - . -. - 

N 
= 1 P a p  

p=n+l 
p+n odd 

t h a t  appea r s  i n  t h e  Chebyshev equa t ions  ( 2 . 1 1 ~ , r - ~ 2 ; ~ 9 - ~ ) r a n d ~ .  I..% ::.zr:-::.: 

. - - -  - ~ .~ . .~ . .- - - - _  
(.2.32), w e  use t h e  r e c u r r e n c e  - --. - - - _ _ _  . 

w i t h  SN - - 

u s i n g  o n l y  

r e l a t i o n  ( 

n = %+2 + (n+l)an+l  

'n = 0. I n  t h i s  way, 

N arithmetic o p e r a t i o n s .  
'N+1 i s  eva lua ted  for 

The exis tence:  of 

0.1) i s  ensured by t h e  reci r r e n c e - p r o p e r t y  

t h e  r e c u r r e n c e  :f- 
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s a t i s f i e d  by t h e  Chebyshev polynomials. S i m i l a r l y ,  it i s  p o s s i b l e  

t 

t o  d e r i v e  r e c u r r e n c e  r e l a t i o n s  t o  e v a l u a t e  e f f i c i e n t l y  t h e  

c o e f f i c i e n t s  of a r b i t r a r y  d e r i v a t i v e s  0.f f u n c t i o n s  expanded i n  

Chebyshev and o t h e r  c l a s s i c a l  polynomial expansions.  

Evalua t ion  o f  non l inea r  and nonconstant  c o e f f i c i e n t  t e r m s  

The m o s t  e f f i c i e n t  way t o  e v a l u a t e  n o n l i n e a r  and g e n e r a l  

noncons tan t  t e r m s  i n  s p e c t r a l  approximations i s  t o  apply  t r ans fo rm 

methods. The key idea i s  t o  apply f a s t  Four i e r  t r ans fo rms  and o t h e r  

t r ans fo rms  t o  t r ans fo rm e f f i c i e n t l y  between s p e c t r a l  r e p r e s e n t a t i o n s  

of a f u n c t i o n  f ( x )  and physical-space r e p r e s e n t a t i o n s  of  f (x )  . 
With Chebyshev polynomial expansions,  f a s t  Four i e r  t r ans fo rms  pe rmi t  

t h e  e v a l u a t i o n  of a r b i t r a r y  nonl inear  and nonconstant  c o e f f i c i e n t s  

t e r m s  i n  o r d e r  N l o g  N a r i t h m e t i c  o p e r a t i o n s .  

I n  g e n e r a l ,  c o l l o c a t i o n  methods g i v e  approximations t o  non l inea r  

and nonconstant  c o e f f i c i e n t  problems t h a t  can b e  more e f f i c i e n t l y  

implemented than  Galerk in  o r  t au  approximations.  

recommended f o r  t h e s e  problems. For example, t h e  s o l u t i o n  of t h e  

C o l l o c a t i o n  i s  

hype rbo l i c  problem 

(-1 c x .< 1, t > 01, (10.2) - - f (x ,  t) u+x au - 
a- - _ I -  a u  + e a t  

u ( - 1 , t )  = 0 ,  

would b e  d i f f i c u l t  us ing  Galerkin o r  t a u  approximation b u t  i s  

s t r a i g h t f o r w a r d  us ing  c o l l o c a t i o n  methods. 
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Let us explain how to march the solution to (10.2) forward 

by one time step efficiently using Chebyshev collocation, We introducE 

the N+1 collocation points x j = cos Tj/N (j = 0,. ..,N) 

and represent the current solution u j as 

t 

N nnj 
N o  cos an u = c  

j n=O 

Then we invert (10.3) by the fast Fourier transform to 

obtain an for n = O l l  l...,N and calculate 

a = 2Sn/Cn n 

by (10.1). Next we evaluate 

(10.3) 

(10.4) 

using the fast Fourier transform. Finally, we evaluate 

at each of the 'grid' points x j exp(u 3 3  .+x. (au/ax> j 
and use the results to march the solution forward to the next 

time step. 

For quadratically nonlinear differential equations, like t h e  
-- 

and tau approximations are workable but normally require at least 
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t w i c e  t h e  computational work of c o l l o c a t i o n  approximation. However, 

G a l e r k i n  approximation is sometimes very a t t r a c t i v e  because i t  g ives  

approximations t h a t  a r e  conserva t ive  and have no so-ca l led  a l i a s i n g  

e r r o r s  (see Orszag 1971c, 1972 f o r  a more complete d iscuss ion  of 

these p r o p e r t i e s ) .  Energy  conservat ion p r o p e r t i e s  of spectral  methods 

are d iscussed  a t  t h e  end of Sec. 14. 

Roundof f Er rors  

Transform methods normally g i v e  no a p p r e c i a b l e  a m p l i f i c a t i o n  

of roundoff  e r r o r s .  I n  f a c t ,  t h e  e v a l u a t i o n  of  convo lu t ion - l ike  

sums u s i n g  f a s t  Four ie r  t ransforms o f t e n  g i v e s  r e s u l t s  w i t h  much 

smaller roundoff  error than  would be ob ta ined  if t h e  convo lu t ion  

sums w e r e  eva lua ted  d i r e c t l y .  

On t h e  o t h e r  hand, t h e  u s e  of  r ecu r rence  r e l a t i o n s  t o  e v a l u a t e  

d e r i v a t i v e s  can s o m e t i m e s  be  a source of large roundoff errors. 

I n  t h i s  

i n t o  a new one  t h a t  is numerical ly  wel l -condi t ioned.  

such a t r ans fo rma t ion  i s  g iven  below.  

Example 10 .1 :  Solu t ion  of y"-ky=f(x) by Chebyshev polynomials 

case , it is  o f t e n  b e s t  t o  conve r t  t h e  problem be ing  so lved  

An example o f  

T h e  boundary-value problem 

can  be  solved us ing  a Chebyshev-tau approximation. 
r e s u l t i n g  approximation yN (x) is given by (see Appendix) 

The 

N 
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(O<n<N-2)  ( 1 0 .  7) 2 2  N 
l ) :  p ( p  -n ) ap - k a n  = f n - -  - 

Cn p=n+2 
p+n even 

N N 
C ( - 1 1 ~  a = A ,  C a n = B ,  

n=O n n= 0 
(10. 8) 

where {f,} are  t h e  Chebyshev series c o e f f i c i e n t s  o f  f ( x ) .  
I& 

The s o l u t i o n  of  t h e  system (10.7-8) f o r  t h e  Chebyshev 

c o e f f i c i e n t s  {a,) may be done i n  s e v e r a l  ways. One obv iocs  
way t o  do t h i s  e f f i c i e n t l y  i s  t o  w r i t e  

( 1 0 . 9 )  

= 0 and N-1 = a  (1) 
N Here a ('1 s a t i s f i e s  a n 

( 2 )  ( 2 )  ( 2 )  
= 1, a = 0 and N N - 1  wh i l e  an satisfies a 

( 3 ) -  1, and = 0 ,  a ( 3 )  s a t i s f i e s  aN . N-1- 
( 3 )  and an 

p+n even 

( 3 )  , may be found (1) ( 2 )  
n an Each of t h e  s o l u t i o n s  an , a 

us ing  roughly N o p e r a t i o n s  by backwards r ecu r rence .  When 
t h e  cons t an t s  a and B i n  ( 1 0 . 9 )  are chosen so t h a t  t h e  
boundary c o n d i t i o n s  ( 1 0 . 8 )  are s a t i s f i e d ,  an g iven  by 
( 1 0 . 9 )  s a t i s f i e s  ( 1 0 . 7 - 8 ) .  

The above procedure i s  e f f i c i e n t  b u t  i t  i s  n o t  u s u a l l y  
numerical ly  s tab le .  Roundoff errors m u l t i p l y  r a p i d l y  so t h a t  
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a may have l i t t l e  s i g n i f i c a n c e .  

n e a r l y  t r i d i a g o n a l  system o f  equat ions .  
( 1 0 .  7-8) i s  equ iva len t  t o  t h e  system 

n 
A b e t t e r  procedure is t o  f i r s t  conve r t  (10 .7-8)  i n t o  a 

It  may be shown t h a t  

c f  
4n (n-1) 

- n-2 n-2 - - e €  e f  n+2 n + n+4 n+2 

2 ( n  2 -1) 4n (n+l )  
(10.10) 

w i t h  t h e  boundary n d i t i o n s  ( 1 0 . 8 )  s t i l  app l i ed .  Here 
c =2 ,  c =1 f o r  n>O and e =1 f o r  n<N, e = O  f o r  n>N. The 
system ( 1 0 .  8), (10.10) may be  so lved  by s t anda rd  banded mat r ix  
t echn iques  i n  roughly t h e  number o f  o p e r a t i o n s  r e q u i r e d  t o  
solve pentad iagonal  systems o f  equa t ions .  
f o r m  (10.10) are e s s e n t i a l l y  d i agona l ly  dominant so no a p p r e c i a b l e  

accumulat ion of roundof f e r r o r s  occurs .  
s o l u t i o n  of (10 .5)  i s  v e r y  u s e f u l  i n  implementing i m p l i c i t  
s p e c t r a l  methods f o r  d i s s i p a t i v e  t e r m s  and f o r  s o l v i n g  Poisson- 
l i k e  equa t ions  (see Sec. 14). 

n - 0 n n 

The equa t ions  i n  t h e  

This  technique  for  
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11. Numerical R e s u l t s  f o r  Hyperbolic Problems 

W e  begin by p r e s e n t i n g  nune r i ca l  r e s u l t s  f o r  s p e c t r a l  approximations 

t o  t h e  problem 

u + u = 0 ( - l < x < l , t > O )  - -  t X 

u(x,O) = 0 , u ( - 1 , t )  = g ( t ) ,  

whose exact s o l u t i o n  is 

(11.1) 

(11.2) 

(11.3) 

If g ( t )  i s  snooth,  u ( x , t )  i s  smooth f o r  I x I < l  when t > 2 ;  when 

t < 2 ,  u ( x , t )  i s  not  smooth a t  x=t-1. 

In Sec.  2 w e  expla ined  how t o  o b t a i n  semi-d iscre te  Galerk in ,  

t a u ,  and c o l l o c a t i o n  approximation t o  (11 .1 -2 )  us ing  e i ther  

Chebyshev or  Legendre polynomial expansions.  I n  Sec. 9 ,  w e  showed 

t h a t  e i t h e r  Adams-Bashforth o r  modified Euler  t i m e  d i f f e r e n c i n g  g i v e s  

stable and convergent r e s u l t s  f o r  t h e s e  s p e c t r a l  approximations.  T h e  

numerical  r e s u l t s  c i t e d  i n  t h i s  Sec t ion  w e r e  ob ta ined  by Adams-Bashforth 

t ime-di f fe renc ing;  t i m e  s t e p s  w e r e  chosen small  enough t h a t  t i m e -  

d i f f e r e k i n g  e r r o r s  are n e g l i g i b l e .  

- 
Comparison of Chebyshev and Leqendre Polynomial S p e c t r a l  Methods f o r  

Smooth Solu t ions  

When g ( t )  =-sinM.rrt, t he  s o l u t i o n  (11.3) has  M complete 

waves wi th in  l x l L l  when t > 2 .  As argued i n  Sec. 3 ,  w e  expec t  t h a t  

a c c u r a t e  r e s u l t s  w i l l  be obta ined  on ly  if N > M r  polynomials a r e  

r e t a i n e d .  



I n  Fig.  11.1, w e  p l o t  t h e  root-mean-square e r r o r  f o r  

averaged i n  t i m e  for 4 < t < 4 . 4  - -  ob ta ined  us ing  t h e  Chebyshev 

approximations t o  (11.1-2) when g ( t )  = - s inS . r r t .  I n  t h i s  t i m e  

i n t e r v a l ,  u ( x , t )  i s  smooth for  1x151. Observe t h a t  t h e  e r r o r s  

d e c r e a s e  exponen t i a l ly  f a s t  when N257~. A l s o  observe t h a t  when the 

s p e c t r a l  approximations are  r e l a t i v e l y  inaccura t e  ( e r r o r s  g r e a t e r  

t han  roughly lo%), Galerk in  approximation i s  m o s t  a c c u r a t e  fol lowed 

by c o l l o c a t i o n  and then  t a u .  On t h e  o t h e r  hand, when t h e  s p e c t r a l  

l x i c l  

approximations are very a c c u r a t e  ( e r r o r s  less than  roughly O.S%> 

t a u  approximation is m o s t  a ccu ra t e  followed by Galerk in  and 

c o l l o c a t i o n .  This  behavior  seems t y p i c a l .  A l s o  observe from 

F ig .  11.1 t h a t  a l l  t h r e e  s p e c t r a l  approximations are n e a r l y  a s  

a c c u r a t e  a s  t h e  b e s t  ( r m s )  Chebyshev approximation;  i n  f a c t ,  t a u  

approximation with N + 1  polynomials i s  u s u a l l y  more a c c u r a t e  than  

t h e  best approximation wi th  N polynomials.  H e r e  t h e  best (rms> 

Chebyshev approximation i s  t h a t  N t h  degree polynomial t h a t  

minimizes 
1 

. I n  Fig.  11.2, w e  make s i m i l a r  comparisons of t h e  e r r o r  i n  

s p e c t r a l  approximations us ing  Legendre series f o r  t h e  problem 

(10-1-2) wi th  g ( t )  = - s in5 . r r t .  H e r e  too  t h e  e r r o r s  dec rease  

exponen t i a l ly  f a s t  when N257T. Again, t a u  approximation i s  mre 

a c c u r a t e  than  Galerk in  when both are very a c c u r a t e ,  wh i l e  it i s  

less a c c u r a t e  when both  are r e l a t i v e l y  inaccura t e .  A l s o ,  t a u  

approximation w i t h  N+1 polynomials and Galerkin approximations 

wi th  N+2  polynomials a r e  m r e  a c c u r a t e  than  t h e  b e s t  Legendre 

approximation with N polynomials. H e r e  t h e  b e s t  Legendre 

approximation i s  t h a t  Nth degree polynomial t h a t  minimizes 
2 1 

-1 
I 1% - U I  dx. 
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Fig .  11.1. A p l o t  of t h e  L2-e r ro r s  i n  Chebyshev-spectral  
s o l u t i o n  of (11.1-2) w i t h  g ( t )  = - s i n  57rt. The e r r o r s  
are averaged i n  t i m e  over t h e  i n t e r v a l  4 < t < 4 . 4 ;  t h e  e x a c t  
s o l u t i o n  u ( x , t )  = s i n  5 n ( x + l - t )  i s  smooth throughout  t h i s  
t i m e  i n t e r v a l .  The best ( r m s )  approximation i s  g iven  by 
(3.41) w i t h  M = 5 ,  a = 1-t t r u n c a t e d  a f t e r  TpJ (x) . 
t h a t  t he  e r r o r s  dec rease  r a p i d l y  f o r  N > 51-r. 

- -  

Observe 

1 

10-1 

10-2 

I 4  e 
e 
I 

la 
PI 

lo-' 

loe 

10- 
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. 

Fig.  11 .2 .  Same as Fig.  11.1 excep t  for Legendre-spectral  
s o l u t i o n  of (11.1-2) with g ( t )  = - s i n  57rt. H e r e  t h e  b e s t  
(rms) approximation i s  given by (3.45) wi th  M = 5 ,  a = 1-t 
t r u n c a t e d  a f t e r  PN (x) . 

1 

10-1 

10-2 

L4 

- h  
I 

N a 

:: 

t 

Legcndre Expansion 

-- Best (RMS) 

L-=--*-* Galerkin 
---- Tau 

N 

-10% 



I n  F ig .  11.3-4 w e  p l o t  t h e  error c N ( x , t )  i n  t h e  best 

Chebyshev polynomial approximation t o  s i n  5 r ( x + l - t )  a t  t = 4 .  

Observe t h a t  E ~ ( x , ~ )  is n e a r l y  an ' equa l  r i p p l e '  approximation 

(Acton 1 9 7 0 )  so u,(x,t) i s  n e a r l y  a minimax approximation.  

I n  F i g s .  11.5-8 w e  p l o t  t h e  errors c , ( x , t )  v e r s u s  x 

a t  t = 4  ob ta ined  by numerical  s o l u t i o n  of Chebyshev s p e c t r a l  

approximations t o  (11.1-2). A s  N i n c r e a s e s ,  t h e  t a u  method 

gives t h e  c l o s e s t  approximation t o  an e q u a l - r i p p l e  error, which 

i s  c o n s i s t e n t  wi th  t h e  r e s u l t  shown i n  Fig.  11.1 t h a t  t a u  approximation 

EjI+es t he  s m a l l e s t  errors a t  h igh  accuracy.  

I n  F igs .  1 1 . 9 - 1 0 ,  w e  p l o t  t h e  error i n  t h e  bes t  

Legendre polynomial approximation t o  s i n  5 r ( x  +1-t) a t  t = 4 .  

Observe t h a t  c N ( x , t )  h a s  l a r g e  e r r o r s  near  t h e  boundar ies  

x = 21. By comparing t h e  results p l o t t e d  i n  Figs .  1 1 . 3 - 4  w i t h  

t h o s e  p l o t t e d  i n  F igs .  11.9-10,  w e  conclude t h a t  t he  best Chebyshev 

polynomial approximation i s  c l o s e r  t o  an equal  r i p p l e  approximation 

than i s  the  b e s t  Legendre polynomial approximation.Even though t h e  

best Legendre polynomial approximation t o  u ( x , t )  g i v e s  t h e  smal les t  

mean-square e r r o r  t o  

u s u a l l y  g ives  a smaller v a l u e  of t h e  maximum poin twise  (La) e r r o r .  

Y L e  l a r g e  e r r o r s  of t h e  best Legendre approximation are  concen t r a t ed  

near  t h e  boundaries x = + l ,  w h i l e  t h e  Chebyshev weight  f u n c t i o n  

(1-x * 1 

approximation uniformly throughout  - l < x < l .  - -  

u ,  t h e  best Chebyshev polynomial approximation 

- .  -_ 
t e n d s  t o  d i s t r i b u t e  t h e  e r r o r s  i n  t h e  best Chebyshev 
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I n  F igs .  11.11-13, w e  p l o t  t h e  e r r o r s  E ~ ( x , ~ )  a t  t = 4  

ob ta ined  by numerical  s o l u t i o n  of Legendre s p e c t r a l  approximations 

t o  (11 . l - 2 )  . As f o r  Chebyshev-spectral  approximations,  t h e  e r r o r  

I i n  Legendre-tau approximation is  smal le r  than t h a t  i n  Legendre- 

G a l e r k i n  approximation.  

One important  f e a t u r e  of Legendre-spectral  approximation i s  

t h a t  t h e  s p a t i a l  d i s t r i b u t i o n  of  t h e  e r r o r  i n  t a u  and Galerk in  

approximation p l o t t e d  i n  Figs.  11.11-13 d i f f e r s  markedly from 

t h e  s p a t i a l  d i s t r i b u t i o n  of the e r r o r  i n  t h e  bes tLegendre  

polynomial approximations p l o t t e d  i n  F i g s .  

e r r o r s  i n  t h e  b e s t  L2 approximation a r e  r e l a t i v e l y  l a r g e  while  

t h e  boundary e r r o r s  a r e  r e l a t i v e l y  smaller i n  t h e  s p e c t r a l  

approximations.  

11.9-10. The boundary 

The boundary (endpoin t )  e r r o r s  i n  Legendre-tau approximation 

e x h i b i t  ' superconvergence '  i n  t h e  sense  t h a t  they  go t o  zero much 

faster than  e i ther  t h e  L2 - e r r o r s  o r  t h e  L2 and endpoint  e r r o r s  

of Chebyshev-tau approximation. 

where w e  p l o t  t h e  L2 

Chebyshev-tau s p e c t r a l  approximations t o  t h e  s o l u t i o n  of  (11.1-2) 

w i t h  g ( t )  =-s in  57rt. H e r e  t h e  endpoint  e r r o r  is  l % ( + l , t ) - u ( + l , t ) !  

at t h e  outf low boundary x= +l. 

Legendre 

This  f a c t  i s  i l l u s t r a t e d  i n  F ig . l l . 14  

and endpoint  e r r o r s  of  Legendre-tau and 

Seve ra l  f e a t u r e s  of t h e  r e s u l t s  p l o t t e d  i n  Fig.  1 1 . 1 4  deserve  

comment. F i r s t ,  a l though t h e  maximum e r r o r  of t h e  b e s t  N - t e r m  

Chebyshsv polynomial approximation i s  smaller than  t h e  maximum 

error o f  t h e  b e s t  Legendre polynomial approximation t o  u ( x , t )  by 

roughly a f a c t o r  l / d E  [see ( 3 .  4 3  and (3.  45) I , the  maximum e r r o r  

of t he  Legendre-tau approximation i s  sma l l e r  t h a n  t h e  maximum e r r o r  
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Fig.  11-14 A comparison of t h e  Chebyshev-tau and Legendre- 
t a u  L2 and endpoin t  (x = +1) e r r o r s  f o r  t h e  solution t o  (11.1-3) 
wi th  g ( t )  = - s i n  5 ~ r t .  
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of t h e  Chebyshev-tau approximation. Second, t h e  endpoin t  e r r o r  a t  

x=l 

Of t h e  endpoint e r r o r  of t h e  Chebyshev-tau approximation.  

remarkable behavior of endpoin t  errors  i n  Legendre-polynomial 

approximations was found o r i g i n a l l y  by Lanczos i n  a s l i g h t l y  

d i f f e r e n t  context [Lanczos 1 9 6 6  (p.  1561, 1 9 7 3 1 .  

of t h e  Legendre-tau approximation goes t o  zero  l i k e  t h e  square  

This  

A mathematical  a n a l y s i s  of t h e  e r r o r s  of  s p e c t r a l  approximations 

to (11.1-2) has been given r e c e n t l y  by Dubiner ( 1 9 7 7 ) .  Dub ine r ' s  

r e s u l t s  include:  (a )  asymptot ic  estimates of t h e  e r r o r s  i n c u r r e d  

by t h e  va r ious  s p e c t r a l  methods, i n c l u d i n g  e r r o r  o s c i l l a t i o n s  when 

t h e  s o l u t i o n  i s  smooth; (b)  a complete boundary l a y e r  d e s c r i p t i o n  

of t h e  decay of l a r g e  errors due t o  d i s c o n t i n u i t i e s  a f t e r  t h e  

d i s c o n t i n u i t i e s  propagate  o u t  o f  t h e  computat ional  domain; ( c )  

a n a l y s i s  of the  behavior  of t h e  t au - func t ion  T ( t )  i n  ( 2 . 3 4 )  . Dubiner 

h a s  analyzed a v a r i e t y  o f  s p e c t r a l  methods f o r  (11.1-2) based on 

expansions i n  g e n e r a l  J a c o b i  polynomials.  H i s  ingenious  a n a l y s e s  

of t a u  methods should  permi t  more complete a n a l y s i s  of  t h e s e  

methods than  p o s s i b l e  us ing  ear l ie r  a p o s t e r i o r i  a n a l y s i s  (see Fox 

& Parker  1 9 6 8  f o r  examples of a p o s t e r i o r i  e r r o r  a n a l y s i s  o f  t a u  

methods) .  

Mesh Refinement 

- 

- 

Sometimes i t  i s  u s e f u l  t o  s p l i t  up a domain, i n t o  s e v e r a l  

subdomains and then  use  numerical  methods of d i f f e r e n t  s p a t i a l  

r e s o l u t i o n  i n  each. For example, i n  l imi t ed -a rea  numerical  w e a t h e r  

f o r e c a s t i n g  near a me t ropo l i t an  area,  it may be d e s i r a b l e  t o  have 

much f i n e r  r e s o l u t i o n  i n  a s m a l l  r eg ion  than  i s  p r a c t i c a l  g l o b a l l y .  

One way t o  do t h i s  is t o  s o l v e  t h e  problem s e p a r a t e l y  on each 
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of s e v e r a l  subdomains and then t o  match t h e  numerical  s o l u t i o n s  

so ob ta ined  a c r o s s  subdomain boundaries.  A s  a model of t h i s  

Procedure we  cons ider  t h e  problem 

u + ux = o  ( - l < X < l ,  - -  t > O )  t 

v t + v  X = o  ( 1 5 ~ 5 3 , t > O )  

v ( l + , t )  = u ( 1 - , t ) .  

(11.4a) 

(11.4b) 

(11.5a) 

(11.5b) 

wi th  f i n i t e  d i f f e r e n c e  methods, t h e  a c c u r a t e  s o l u t i o n  of t h e  coupled 

system (11.4.5) us ing  d i f f e r e n t  g r i d s  f o r  - l < x < l  - -  t h i n  f o r  

1<x<3  - -  may be troublesome. Inaccura te  r e s u l t s  o r  even numerical  

i n s t a b i l i t i e s  can r e s u l t  from t h e  matching (Browning, Kreiss & Ol ige r  

1973) .  Because g r i d s  w i t h  d i f f e r e n t  g r i d  s e p a r a t i o n s  have d i f f e r e n t  

d i s p e r s i o n  c h a r a c t e r i s t i c s  for waves propagat ing on t h e  g r i d ,  

waves can reflect  from t h e  boundary a t  x=l  

e r r o r s .  

and cause l a r g e  

S p e c t r a l  methods a r e  a t t ; ac t ive  f o r  t h e  s o l u t i o n  of mesh 

ref inement  problems l i k e  (11.4-5) because they  g i v e  s m a l l  endpoint  

e r r o r s .  For example, t h e  Chebyshev-tau approximation t o  (11.4-5) -_ 

w i t h  N + l  polynomials t o  r ep resen t  t h e  s o l u t i o n  f o r  -1<x<1 an6 

M+1 

- -  
polynomials t o  r e p r e s e n t  t h e  s o l u t i o n  f o r  1<x<3 is  given by - -  

(11.6) 
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M 

m= 0 
(1<x< 3 )  v M ( x , t )  = 1 b m ( t )  T,(x-~) - -  

N 
(O<n<N-l) - -  aP 

- = - -  2 z  dan 
d t  ‘n p=n+l 

. p+nodd 

bP 
- =  - -  dbm 
d t  

p+m odd 

(11.7) 

(11.8) 

(11.11) 

It may e a s i l y  be shown t h a t  i f  g ( t )  i s  smooth, t h e  s o l u t i o n  t o  

(11.6-11) converges t o  t h e  s o l u t i o n  of  (11.4-5) throughout  

-1<x<3 faster t h a n  any f i n i t e  power 1 / N  o r  1 / M  as N, M-. - -  
The s o l u t i o n s  for - l < x < l  and 1<2;<3 - -. match wi thou t  t h e  
n e c e s s i t y  of imposing any matching c o n d i t i o n s  i n  a d d i t i o n  t o  (11.5b) o r  

- -  

(11.11 \ . Because no s p u r i o u s  downstream boun2ary c o n d i t i o n s  -_ 

are a p p l i e d  a t  x=+l on t h e  wave propagat ing  i n  t h e  i n t e r v a l  

-1<x<1, - -  t h e r e  a r e  no r e f l e c t e d  waves. 
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One more example of a r e f ined  mesh s p e c t r a l  c a l c u l a t i o n  

i s  i n s t r u c t i v e .  Consider the  h e a t  equa t ion  problem 

2 a v .  a v  - = v -  
2 a t  ax 

( 1 1 . 1 2 c )  

where ( 1 1 . 1 2 d )  fo l lows  by r e q u i r i n g  c o n t i n u i t y  of temperature  and 

h e a t  flux a c r o s s  t h e  boundary a t  x=l .  A Chebyshev-tau approximation 

to ( 1 1 . 1 2 )  is given by (11.6-7). wi th  
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p+n even 

N 

n=O 
E 

M 

m= 0 
c (-1) an = f ( t ) ,  

n 
b = g ( t )  m 

(11.13C) 

It may be shown as i n  Example 7 .1  (v )  t h a t  t h i s  approximation i s  

semi-bounded and hence s tab le  and convergent .  

D i s c o n t i n u i t i e s  

When t < 2 ,  t h e  s o l u t i o n  (11.3) t o  (11 .1 -2 )  i s  n o t  

smooth a t  x=t-1; i f  g ( t )  = sinMTrt , t h e  s o l u t i o n  has  a 

d i scon t inuous  der ivat ive.  T h i s  d i s c o n t i n u i t y  s e r i o u s l y  degrades  

t h e  rate o f  convergence o f  s p e c t r a l  approximations near  t h e  

d i s c o n t i n u i t y .  Neve r the l e s s ,  s p e c t r a l  approximations a r e  s t i l l  

normally much more a c c u r a t e  than  f i n i t e - d i f f e r e n c e  approximations 

t o  t h e  s a m e  problem. Orszag is Jayne ( 1 9 7 4 )  g i v e  comparisons 

between f i n i t e - d i f f e r e n c e  and s p e c t r a l  approximations t o  

d i scon t inuous  s o l u t i o n s ;  i n  p a r t i c u l a r  , t hey  argue t h a t  if t h e  

p t h  d e r i v a t i v e  of t h e  s o l u t i o n  is d i scon t inuous ,  t h e  r a t e  of 

convergence o f  Chebyshev-spectral  approximations t o  (11.1-3) f o r  

t < 2  i s  of o rde r  l / N p  as  N--. Dubiner ( 1 9 7 7 )  has  given a d e t a i l e d  

asymptot ic  a n a l y s i s  o f  t h i s  problem. H i s  r e s u l t s  i n c l u d e  d e t a i l e d  

9 



behav io r  of t h e  error  f o r  a l l  x and t and a re  i n  good agreement 

wi th  numer ica l  s o l u t i o n s .  

One of t h e  a t t r ac t ive  f e a t u r e s  of s p e c t r a l  methods f o r  problems 

w i t h  d i s c o n t i n u i t i e s  i s  t h a t  t h e  r e g i o n  of  l a r g e  e r r o r s  i s  more 

l o c a l i z e d  nea r  t h e  d i s c o n t i n u i t y  than  i n  f i n i t e - d i f f e r e n c e  methods. 

Thus, it should b e  p o s s i b l e  t o  e l i m i n a t e  o s c i l l a t i o n s  nea r  t h e  

d i s c o n t i n u i t y  us ing  less d i s s i p a t i o n  than  i s  r equ i r ed  when f i n i t e  

d i f f e r e n c e  methods are used. A comparison of t h e  e r r o r  i n  Chebyohev- 

t a u  and second and fou r th -o rde r  f i n i t e - d i f f e r e n c e  s o l u t i o n s  of (11.1-2) 
- . _  - 

f o r  t < 2  is given in Fia. 11.15. 

Another i n t e r e s t i n g  way t o  use  s p e c t r a l  methods f o r  problems 

w i t h  d i scon t inuous  s o l u t i o n s  has been suggested by B o r i s  & Book 

( 1 9 7 6 )  . The "opt imal  f lux -co r rec t ed  t r a n s p o r t "  approximation 

gives good r e s o l u t i o n  of  d i s c o n t i n u i t i e s  without  i n t r o d u c t i o n  of 

n p h y s i c a l  numerical  o s c i l l a t i o n s  nea r  the  d i s c o n t i n u i t y .  The idea 

i s  t o  add i n  an a r t i f i c i a l  d i f f u s i o n  t o  smooth t h e  d i s c o n t i n u i t y  and 

then  t o  ' a n t i - d i f f u s e '  t h e  r e s u l t i n g  s o l u t i o n  i n  such a way t h a t  no 

new o s c i l l a t i o n s  o r  maximajminima are produced. 

Comparison w i t h  F i n i t e  Di f fe rence  Methods 

F i n i t e - d i f f e r e n c e  approximations t o  (11.1-2) must be 

formula ted  c a r e f u l l y  n e a r  the boundaries  x =+- 1. For example, 

*e four th-order  Semi-discrete approximation 

l-u. ) -u .+2+u. 3 -1 -J -2 = o  j 
a u  

12Ax 
- +  at 

where u . ( t )  = u ( j A x , t ) ,  must be  modif ied a t  x=-l+Ax, l -Ax, l  

because u ( - l - A x , t ) ,  u ( l + A x , t ) ,  u(1+2Ax,t)  a l l  l i e  o u t s i d e  t h e  
3 
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Computational domain -1<x<1. Kreiss & O l i g e r  ( 1 9 7 3 )  d i s c u s s  

methods t o  formula te  d i f f e r e n c e  approximations a t  t h e s e  g r i d  

p o i n t s .  H o w e v e r ,  it is  n o t  known how t o  formula te  a p p r o p r i a t e  

'boundary '  c o n d i t i o n s  fo r  a r b i t r a r y  o r d e r  d i f f e r e n c e  schemes. 

This  d i f f i c u l t y  i s  an a r t i f a c t  of d i f f e r e n c e  methods; a f o u r t h -  

o r d e r  d i f f e r e n c e  q u a t i o n  r e q u i r e s  4 'boundary'  c o n d i t i o n s  wh i l e  

o n l y  1 c o n d i t i o n  (11 .2 )  i s  p rope r ly  imposed on t h e  f i r s t - o r d e r  

- -  

d i f f e r e n t i a l '  equa t ion  (11.1) . 
On t h e  o t h e r  hand, proper ly  formulated s p e c t r a l  methods 

r e q u i r e  no ' s p u r i o u s '  boundary cond i t ions .  Indeed, t h e  impos i t ion  

of  a s p u r i o u s  boundary cond i t ion  on a s p e c t r a l  approximation t o  

(11.1), l i k e  au/ax = 0 a t  x =+I, w i l l  induce an uncond i t iona l  

i n s t a b i l i t y  (see Sects. 8,121. The mathematics of s p e c t r a l  

approximations fo l lows  c l o s e l y  t h e  mathematics of  t h e  d i f f e r e n t i a l  

equa t ion  be ing  so lved .  

S p e c t r a l  approximations a l s o  r e q u i r e  cons ide rab ly  fewer degrees  

of freedom t o  achieve  a c c u r a t e  r e s u l t s  t han  are r e q u i r e d  by 

d i f f e r e n c e  methods. A comparison f o r  t h e  problem (11.1-2) is  

given i n  Table  11.1 f o r  l a t e  t i m e s  a t  which t h e  s o l u t i o n  i s  smooth. 

I n  F i g s .  11-16-19 w e  shcw three-dimensional  p e r s p e c t i v e  p l o t s  

of t h e  s o l u t i o n  t o  a s imple  two-dimensional hype rbo l i c  problem w i t h  

p e r i o d i c  boundary c o n d i t i o n s  

( 1 1 . 1 4 )  
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Table 11.1 

Second-order 
N M E 2 

4 0  2 0.1 

80 2 0.03 

1 6 0  2 0.008 

4 0  4 1. 

80 4 0.2 

160 4 0.06 

Fourth-order  

€ 4  N M 
- 

20 2 0.04 

30 2 0.008 

40 2 0.002 

4 0  4 0.07 

80 4 0.005 

160 4 0 . 0 0 0 3  

Table 11.1. L2 ( r m s )  

-~ 

e r r o r s  for t h e  s o l u t i o n  of 

Chebyshev-tau 

Ern 
N M 

16 4 0.08 

20 4 0 . 0 0 1  

28 a 0.2 

32 8 0.008 

4 2  12 0.2 

4 6  12 0.02 

(11 - 1 - 2 )  w i t h  

g ( t )  = s i n M n t .  The errors l i s t e d  a r e  measured a t  t=5 when t h e  

s o l u t i o h  (11.3) is  smooth. T i m e  d i f f e r e n c i n g  e r r o r s  are n e g l i g i b l e  

and N is t h e  number of g r i d  p o i n t s  o r  Chebyshev polynomials .  

Observe t h a t  to  achieve a 1% e r r o r ,  t h e  second-order method r e q u i r e s  

N/M240, t h e  fourth-order  method r e q u i r e s  N / ~ 2 1 5 ,  whi le  t h e  

Chebyshev-tau method r e q u i r e s  N / M ~ I T .  
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The s o l u t i o n  t o  ( 1 1 . 1 4 )  i s  c o n s t a n t  a long  t h e  c h a r a c t e r i s t i c s  

x+iy= (xo + i y o ) e  it . Therefore ,  A ( x , y , 2 r ) z  A(x,y,O) so 

t h e  s o l u t i o n  should keep A unchanged a f t e r  a t i m e  2;r. I n  

F ig .  11.16, w e  p l o t  t h e  i n i t i a l  c o n d i t i o n s  used f o r  t h e  c a l c u l a t i o n  

whose r e s u l t s  a r e  p l o t t e d  i n  Figs .  11 .17-19 .  I n  F ig .  11.17 w e  p l o t  

t h e  r e s u l t s  a t  t = 2 ~  o f  a second-order cen te red  space d i f f e r e n c e  

scheme; i n . F i g .  1 1 . 1 8  w e  p l o t  t h e  r e s u l t s  of  a four th-order  scheme 

and i n  F ig .  1 1 . 1 9  w e  p l o t  t h e  r e s u l t s  of a s p e c t r a l  c a l c u l a t i o n  

us ing  t h e  F o u r i e r  expansion 

All t h r e e  c a l c u l a t i o n s  used the s a m e  number o f  degrees  o f  freedom 

b u t  t h e  d i f f e r e n c e s  i n  accuracy are  s t r i k i n g .  The F o u r i e r - s p e c t r a l  

method works w e l l  even though t h e  convect ing v e l o c i t y  (-y,x) i n  

( 1 1 . 1 4 )  has  jump d i s c o n t i n u i t i e s  a t  x = 2 2 r ,  y=22n. The dominant 

error i n  a l l  t h r e e  c a l c u l a t i o n s  o r i g i n a t e s  from t h e  ' c o r n e r s '  of t h e  coiie 

i n  t h e  i n i t i a l  A(x,y,O) d i s t r i b u t i o n ;  t h i s  error a p p e a r s  a s  a l a rge  

l a g g i n g  phase e r r o r  i n  t h e  f i n i t e  d i f f e r e n c e  s o l u t i o n s  which exp la ins  

t h e  'wakes' of l a r g e  e r r o r s  fo l lowing  t h e  remnants of A ( x , y , 2 r ) .  

Hiqher-Order Wave Equat ions  

- 

The mixed i n i t i a l - b o u n d a r y  va lue  

2 2 a - = ( - l < x < l , t > O )  2- ax 
- -  2 (11.15) 
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U ( + l , t )  = 0 (11.16) 

(11.17) 

is  w e l l  posed. Legendre polynomial s o l u t i o n  of  ( 1 1 . 1 5 - 1 7 )  i s  

semi-bounded and, hence s t a b l e  (see Sec. 7 ) .  However, w e  have n o t  

yet been a b l e  t o  prove t h a t  Chebyshev s o l u t i o n  o f  t h i s  problem i s  

e v e r  a l g e b r a i c a l l y  s t a b l e .  The techniques  of  Sec. 8 prove t h a t  

i f  t h e  boundary c o n d i t i o n s  ( 1 1 . 1 6 )  are rep laced  by t h e  c h a r a c t e r i s t i c  

boundary cond i t ions  

t h e  scheme i s  a l g e b r a i c a l l y  s t a b l e .  

been a b l e  t o  prove t h i s  r e s u l t  f o r  t h e  boundary cond i t ions  

r e a s s u r i n g  t o  no te  t h a t  w e  have so lved  t h e  Cheybshev-spectral  

approximations t o  (11.15-17) and f i n d  no evidence of l a c k  o f  

convergence. Indeed, t h e  Chebyshev methods work j u s t  as  w e l l  as 

they  do f o r  ( 1 1 . 1 - 2 ) .  Thus, it i s  n o t  t h e  s p e c t r a l  methods t h a t  

run i n t o  d i f f i c u l t y  on h igher -order  equa t ions ,  b u t  j u s t  o u r  

methods of  a n a l y s i s .  

However, w e  have n o t  y e t  

( 1 1 . 1 6 ) .  I t  i s  

L 



1 2 .  Advect ive-Diffusion Euuation 
~ 

I n  t h i s  s e c t i o n ,  w e  cons ider  s p e c t r a l  methods f o r  t h e  

. 

advec t ive -d i f fus ion  ( ' l i n e a r i z e d  Burge r s ' )  equa t ion  

u ( - 1 , t )  = 0 , u ( 1 , t )  = 0 ( 1 2 . 2 )  

(12.3) 

Eq. ( 1 2 . 1 )  i s  p a r a b o l i c  so boundary c o n d i t i o n s  should be a p p l i e d  

a t  bo th  x = -1 and x = +1 . When v i s  s m a l l ,  t h e  boundary 

c o n d i t i o n  a p p l i e d ' a t  x = +1 (assuming U > 0)  has  an i n t e r e s t i n g  

e f f e c t  on t h e  s t a b i l i t y  of  t h e  s p e c t r a l  methods. 

To begin,  w e  remark t h a t  t h e  a n a l y s e s  o f  Sects. 7-8 can be 

extended t o  show t h a t ,  a s  N + m ,  N - t e r m  Legendre and Chehyshev 

approximations t o  (12.1-3) a r e  s t a b l e  and convergent .  

For  example, Chebyshev-Galerkin approximation is  s t a b l e  

because (12 .1-2)  and (7.3) imply t h a t  
. .  .- - 

2 
dx U 1 

.. 2 V 
11-x 

(12.4) 

so t h e  approximatiqi? i s  semi-bounded. 
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However, f o r  f i n i t e  N ,  t h e r e  may be  d i f f i c u l t y  i n t e g r a t i n g  

t h e  r e s u l t i n g  s p e c t r a l  equa t ions .  

G a l  e r k i n  approximation LN t o  (12.1-3) s a t i s f i e s  

so t h e r e  i s  no d i f f i c u l t y  w i t h  t i m e  i n t e g r a t i o n s  

s o l u t i o n  may no t  b e  a c c u r a t e  u n l e s s  N i s  l a r g e  enough. 

With Legendre polynomials ,  
* 

+ L  < 0 
LN N -  

( a l t hough  t h e  

On t h e  o t h e r  hand, Chebyshev-spectral  s o l u t i o n  Of (12.1-3) 

encoun te r s  t h e  fo l lowing  c u r i o u s  behavior  when w i s  sma l l .  

If  V / U  i s  s m a l l  and N i s  n o t  too  l a r g e ,  t h e  Chebyshev-spectral  

approximations LN t o  (12.1-3) have e igenvalues  w i t h  p o s i t i v e  
real  p a r t s .  I n  Table  1 2 . 1 ,  w e  l i s t  v a l u e s  of  Ncrit f o r  v a r i o u s  

v a l u e s  of v /U;  f o r  N < N c r i t ,  LN f o r  Chebyshev-tau 

approximation t o  (12.1-3)  has e igenvalues  w i t h  p o s i t i v e  real  

p a r t s .  Since t h e s e  e igenvalues  may have moderately l a r g e  real  

p a r t s  [ they  can  be  as l a r g e  as U2/2v by ( 1 2 . 4 )  ] , t h e r e  may 

be  r a p i d  growth of e r r o r s  and numerical  s o l u t i o n  of t h e  

Chebyshev-spectral  equa t ions  may appear  u n s t a b l e  and d i v e r g e n t .  

For  N - > Ncrit , t h e r e  are no e igenvalues  of LN wi th  p o s i t i v e  

real  p a r t s  so t h e  s p e c t r a l  equa t ions  are s t a b l e .  

The o r i g i n  of t h i s  temporal i n s t a b i l i t y  i s  t h e  out f low 

boundary l a y e r  a t  x = 21 ; when U > 0 ,  t h e  s o l u t i o n  t o  

( 1 2 . 1 - 3 )  develops a r eg ion  of  r a p i d  change of width roughly 

v/U n e a r  x = +1 as t i n c r e a s e s .  S ince  roughly 3 ( U / W )  

Chebyshev polynomials are  r equ i r ed  t o  r e s o l v e  a boundary l a y e r  
1 / 2  of wid th  w/U [ s e e  ( 3 . 5 0 ) ] ,  w e  expec t  t h a t  Ncrit 4' 3 (U/v) 

1 / 2  

* /U = 9 . I n  f a c t ,  as  shown i n  Table 1 2 . 1 ,  t h e  "crit 
z c r i t e r i o n  is a c t u a l l y  wNcri t /u  + 4 .  [Since t h e  Chebyshev norm 

of exp(-uta/ax) i s  roughly N1l4 (see Sec. 8), w e  expec t  

t h a t  t h e  proper s c a l i n g  of  N~~~~ i s  bet ter  r ep resen ted  as 

VNcr i t  'I4 /U f 1 . 3 -  AS shown i n  Table 1 2 . 1 ,  t h i s  modified s c a l i n g  i s  

more n e a r l y  sa t i s f ied  f o r  t h e  range o f  v cons idered . ]  
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TABLE 12.1 

7/4 /u v/u . Ncrit wNcrit /u VNcrit 

1.0 

2.5 

1.0 

6.0 

4.0 

15 

35 

61 

81 

101 

2.25 

3.06 

3.72 

3.94 

4.08 

1.14 

1.26 

1.33 

1.31 

1.29 

Table 12.1 Critical values Ncrit of the number of Chebyshev 

polynomials necessary that the tau approximation to the operator 
2 -Uau/ax + vi3 u/ax2 with ~ ( t l )  = 0 have no eigenvalue with 

positive real parts. A l s o  listed are the inverse 'grid Reynolds 

number' vNcrit /U and the parameter vNcrit 7/4  /u . 
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I f  Chebyshev-spectral  approximations t o  (12.1-3) are  

so lved  us ing  f r a c t i o n a l  t ime-step methods, t h e  temporal 

i n s t a b i l i t y  f o r  N < Ncrit appears  i n  a unique way. Define 

t h e  o p e r a t o r  

o p e r a t o r  -Uau/ax w i t h  t h e  boundary c o n d i t i o n  u( -1)  = 0 

and t h e  o p e r a t o r  BN as  an N-mode Chebyshev approximation 

t o  t h e  o p e r a t o r  va u/ax2 w i t h  u ( + l )  = 0’. Then t h e  

e v o l u t i o n  ope ra to r  of (12 .1 -2 )  i s  exp[  (AN+BN) t l  so a 

f r a c t i o n a l  s t e p  method invo lves  t h e  s p l i t t i n g  

auN/at  = aluN/at + a2uN/at where 

as an  N-mode Chebyshev approximation t o  t h e  

2 

For any va lues  of v and U > 0 ,  t h e  f r a c t i o n a l  s t e p  

a l s / a t  is a l g e b r a i c a l l y  s t a b l e  s i n c e  Ilexp %tI/ = O ( N  

(see Sec. 8 ) ,  w h i l e  t h e  f r a c t i o n a l  s t e p  a 2 u N / a t  i s  s t a b l e  

s i n c e  IIexp BNtI I  - < 1 (see Sec.  7 ) .  Never the less ,  

1/4) 

Ilexp[ (%+BN) t ]  1 1  can grow r a p i d l y  w i t h  t. The reason  i s  

t h a t  and BN do n o t  commute so it i s  no t  t r u e  t h a t  

I l e x P [ ( ~ + B N ) t l l l  5 Ilexp %tII Ilexp B N t I I  

The L i e  formula ( 5 . 8 )  does ensu re  t h a t  
... - 



. 

. 

2 However, as N +  Q, w i t h  n/pr +a I 

2 Ilexp(%t/n! 1 1  - 1 2, CN t / n  

w i t h  C > 0 (see Table 8 .1 )  so 

[ lexp(%t/n)  1 1 "  2, exp(cN 2 t) >> 1 (N- I n/N2+'m 1 . 

There fo re  t h e  L i e  formula g ives  only  t h e  very  weak upper bound 

I n  summary, Chebyshev-spectral  approximations t o  (12.1-3) 

give f r a c t i o n a l  s t e p  methods such t h a t  each f r a c t i o n a l  s t e p  

i s  a l g e b r a i c a l l y  s tab le  while  t h e  t o t a l  s t e p  i s  uns t ab le  

u n l e s s  N > N c r i t  
I f  t h e  boundary condi t ions  (12 .2 )  are rep laced  by 

22 (+l,t) = o  (12.4) ax u ( -1 , t )  = 0 ,  

when U > 0 ,  t h e  c r i t e r i o n  f o r  temporal s t a b i l i t y  i s  r e l axed  

/u s i g n i f i c a n t l y .  As shown i n  Table 1 2 . 2 ,  t h e  va lue  of vNcrit 

is decreased  t o  roughly 1 . 6 .  However, t h e  growing modes t h a t  

appear  when N < N are much tamer than  those  t h a t  appear  

when t h e  boundary cond i t ion  u ( + l , t )  = 0 i s  app l i ed ,  so 

a c c u r a t e  t i m e  i n t e g r a t i o n s  a re  s t i l l  p r a c t i c a b l e  when 

wN /U % 0.01 (see Haidvogel 1977). 

2 

c r i t  

2 
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TABLE 12.2 

Ncrit 'I4 /u '*crit 

2.5 x 21 0.52 

1.0 0.56 

6.0 

37 

49 0.54 

4.0 61 0.53 

2.0 x 89 0.52 

Table 12.2. Critical values Ncrit of the number of 

Chebyshev polynomials necessary that the tau approxima- 

* with tion to the operator -Uau/ax + va u/ax 
2 

u(-1) = 0, au(+l) /ax = 0 and U > 

eigenvalues w i t h  positive real parts. 

VNcrit 7'4 /U is also listed. 

0 have no 

The parameter 
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13. Models of Incompressible F l u i d  Dynamics 

The Stokes equa t ions  fo r  low Reynolds number, two- 

d imens iona l  incompress ib le  flow are 

(13 . 1) 
$4 = 0 , 

where $ i s  t h e  v e l o c i t y  f i e l d ,  p i s  t h e  p r e s s u r e ,  and v i s  

t h e  k inemat ic  v i s c o s i t y .  With t h e  boundary cond i t ions  t h a t  

v = 0 on r i g i d  s t a t i o n a r y  boundaries ,  t h e  problem (13.1) i s  

w e l l  posed for any v > 0.  An e q u i v a l e n t  formula t ion  i s  g iven  

by t h e  vo r t i c i ty - s t r eamfunc t ion  equa t ions  

-+ 

5 = V2$ I 

(13.2)  

o b t a i n e d  by t a k i n g  t h e  c u r l  of t h e  Stokes equa t ions  (13 .1 ) .  H e r e  

Jt is t h e  s t r eamfunc t ion  def ined  by v' = (-a$/ay,a$/ax) and 5 

is t h e  v o r t i c i t y .  

A one-dimensional model of (13.2) is 

(13.3) 

(13.4) 

On s t a t i o n a r y  r i g i d  w a i l s ,  the boundary cond i t ions  f o r  ( 1 3 . 3 - 4 )  are  

$(X,t) = $ , ( X , t )  = 0 (x = kl). (13.5)  

There i s  one s u b t l e t y  i n  t h e  a p p l i c a t i o n  of s p e c t r a l  methods 

t o  (13.3-5) t h a t  does no t  appear d i r e c t l y  when t h e  p r i m i t i v e  

equa t ions  (13.1) a r e  used. I t  i s  necessary  t o  use  some care 

t o  avoid uncond i t iona l  numerical i n s t a b i l i t y  wi th  t h e  Chebyshev- 

t a u  method. 
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The most obvious way t o  use  the t a u  method t o  solve 

( 1 3 . 3 - 5 )  is t o  s u b s t i t u t e  ( 1 3 . 4 )  i n t o  ( 1 3 . 3 )  and s o l v e  

(-1 < x < 1, t > 0 )  - $ x x t  - V*xxxx - - 
by expanding J l ( x , t )  i n  the  Chebyshev series 

( 1 3 . 6 )  

( 1 3 . 7 )  

Denoting by artq) the Chebyshev expansion c o e f f i c i e n t s  of aqJl/axq 

(see A . 2 3 ) ,  t h e  t a u  equa t ions  f o r  ( 1 3 . 5 - 6 )  a r e  

(2) 
- - V an ( 4 )  ( 0  - < n - c N-4, t > 0 ) ,  ( 1 3 . 8 )  dan 

d t  

( 1 3 . 9 )  

Unfor tuna te ly ,  t h i s  method f o r  s o l u t i o n  of ( 1 3 . 3 - 5 )  is  

uncond i t iona l ly  u n s t a b l e  as N * m. I n  Table 1 3 . 1 ,  w e  l i s t  

t h e  l ? r g e s t  p o s i t i v e  e igenvalue  Xmax of ( 1 3 . 8 - 9 ) ;  there i s  

a s o l u t i o n  of ( 1 3 . 8 - 9 )  t h a t  grows l i k e  a n ( t )  = an(0)exp(Amaxt) .  

S ince  Xmax grows l i k e  N4 as N * 0 3 ,  e r r o r s  a l s o  grow r a p i d l y  

as N * a for f i x e d  t, This  method i s  unusable f o r  t i m e -  

dependent c a l c u l a t i o n s .  

I n  Table 1 3 . 1 ,  w e  a lso l i s t  t h e  va lues  of  X n  f o r  n = 1,5, 

where t h e  e igenva lues  of ( 1 3 . 8 - 9 )  are ordered accord ing  t o  

- .  IX,l 5 IX,l ... . T h e  e x a c t  e igenvalues  of ( 1 3 . 3 - 5 )  are -_  

found by seeking  s o l u t i o n s  of these equat ions  of t h e  form 

$ ( x , t )  = + ( x ) e x p ( X t ) ,  r ; ( x , t )  = r ; (x )exp(Xt ) .  I t  may be e a s i l y  

v e r i f i e d  t h a t  t h e  e x a c t  e igenva lues  of ( 1 3 . 3 - 5 )  a r e  g iven  by 

X = -p2 with p = nT - or 

equa t ion  tan p = y. 

p any nonzero s o l u t i o n  of t h e  t r a n s c e n d e n t a l  

The e x a c t  v a l u e s  of XI and X 5  a r e  a l so  l i s t e d  
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Table 13 .1  

A x 
5 max 

~ ~~ 

1 0  -9 .8696598  -189 .63800  4 , 2 7 2 .  

15 -9 .8696044 - 8 9 . 5 4 5 5 0  2 9 , 4 3 9 .  

20 -9 .8696044 - 88 .86244  1 1 1 , 2 2 6  . 
25 - 9 , 8 6 9 6 0 4 4  - 88 .86244  2 9 4 , 6 9 7 .  

30 - 9 , 8 6 9 6 0 4 4  - 88 .86244  6 5 2 , 7 2 2 .  

35 -9 .8696044 - 88 .86244  1 , 2 5 5 , 2 9 8  . 
40. -9 .8696044 - 88 .86244  2 , 2 1 5 , 8 8 0 .  
Exact -9 .8696044 - 88 .86244  

Table 13.1. Eigenvalues  of t h e  t a u  approxiination (13 .8 -9 )  

t o  (13.6-7). The N-4 e igenvalues  a r e  ordered so t h a t  

lXll I X , l  - < ... - < IAN-41.All t h e  eigenvalues  a r e  r e a l .  
- The l a r g e s t  p o s i t i v e  eigenvalue Xmax - A,-4 
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i n  Table  13.1. Ev iden t ly ,  even though (13.3-9) i s  u n s t a b l e  as 

M -t ~, it does a good job  of reproducing t h e  low-n modes; 

approximately J I I Chebyshev polynomials a r e  r e q u i r e d  t o  

r e s o l v e  t h e  mode w i t h  e igenvalue  An. Thus t h i s  v e r s i o n  

of  t h e  t a u  method may be u s e f u l  fo r  e igenvalue  c a l c u l a t i o n s  

n 

even though it i s  u n c o n d i t i o n a l l y  u n s t a b l e  for t h e  i n i t i a l -  

v a l u e  problem (13.3-5) (as evidenced by t h e  s p u r i o u s  u n s t a b l e  

modes w i t h  e igenva lues  as l a r g e  as A m a x ) .  

The t a u  method behaves s i m i l a r l y  when a p p l i e d  t o  more 

d i f f i c u l t  problems, l i k e  t h e  Or r -Somer fe ld  equa t ion  f o r  

l i n e a r  s t a b i l i t y  a n a l y s i s  of incompress ib le  p l a n e - p a r a l l e l  

s h e a r  flows. Low modes are g iven  a c c u r a t e l y  by t h e  ana log  

of (13.8-9) (see Orszag 1971d) ,  b u t  t h e r e  appear spu r ious  

u n s t a b l e  modes w i t h  l a r g e  growth ra tes .  S i m i l a r  s p u r i o u s  

u n s t a b l e  modes appear  i n  f i n i t e - d i f f e r e n c e  s o l u t i o n  of t h e  

Orr-Sommerfeld equa t ion  (see Gary & Helgason 1 9 7 0 )  . 
There is a s imple  method t o  avoid t h e  spu r ious  u n s t a b l e  

modes encountered by (13.8-9). The technique to be d e s c r i b e d  

below a l s o  e l i m i n a t e s  t h e  spu r ious  u n s t a b l e  modes encountered 

i n  s o l u t i o n  of t h e  Orr-Sommerfeld equat ion .  The i d e a  i s  

simply not  to combine (13.3-4) i n t o  (13.6) .  Rather ,  w e  

expand c ( x r t )  as i n  
N 

and solve 

- = V bA2) ( 0  n - < N - 2 )  *n 
d t  

( 0  n < N-2), - - ( 2 )  
bn - an 

i n  a d d i t i o n  t o  (13.9).  H e r e  w e  have dropped two equa t ions  

(13.10) 

(13.11) 

(13.12) 
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f r o m  t h e  Chebyshev modal equat ions t h a t  r e s u l t  from (13.3-4). 

The l o g i c  of  t h i s  modi f ica t ion  of t h e  t a u  method i s  as fo l lows .  

App l i ca t ion  of (13.8) f o r  0 < n < N-4 is  equ iva len t  t o  

a p p l i c a t i o n  of  (13.12) f o r  0 < n < N t o g e t h e r  w i t h  (13 .11)  f o r  

0 < n < N-4. 

procedure w i l l  l e a d  t o  i n s t a b i l i t y  because t h e  boundary cond i t ions  

1c, = 0 a t  x = c1 should be imposed on (13.4) n o t  (13 .3 ) ,  whi le  

t h e  boundary c o n d i t i o n s  $x = 0 a t  x = tl should be imposed on 

(13.3) on ly  when w > 0. 

i s  t r u n c a t e d  as i n  (13.11-12) I each of  t h e  dynamical equa t ions  

can p l a y  t h e i r  p rope r  role  i n  a d j u s t i n g  t h e  boundary c o n d i t i o n s :  

t h e  boundary c o n d i t i o n s  $ = 0 are  imposed on 

the boundary c o n d i t i o n s  JIx  = 0 are imposed on (13.11) .  

- - 
- - 

On p h y s i c a l  grounds, w e  may expec t  t h a t  t h i s  - - 

On t h e  o t h e r  hand, when t h e  system 

(13.12) wh i l e  

We s h a l l  now prove t h a t  (13.11-12) i s  stable f o r  t h e  

- = 0 f o r  - b2n+1 s p e c i a l  case i n  which N is even wi th  a2n+l 

a l l  n ,  t > 0. I n  t h i s  c a s e ,  $ ( x , t )  and c ( x , t )  are even f u n c t i o n s  

of X. T o  begin  I w e  observe t h a t  (13.11) is e q u i v a l e n t  t o  

- 

whi le  (13.12) i s  e q u i v a l e n t  t o  
c) 

Since  $ i s  an even func t ion  of x, it  fol lows by i n t e g r a t i o n  wi th  

r e s p e c t  t o  x t h a t  

(13.13) 
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A l s o ,  s i n c e  $ ( x , t )  i s  a polynomial o f  degree N t h a t  s a t i s f i e s  

Q*l,t) = 0 ,  i n t e g r a t i o n  by p a r t s  g i v e s  

2 s i n c e  JIXx and xqX/(1-x ) are polynomials of degree N-2  so they  m u s t  

be or thogonal  t o  T N ( x ) .  

p roduct  of (13.13) and q x ( x , t ) ,  w e  o b t a i n  

Therefore ,  t a k i n g  t h e  Chebyshev i n n e r  

where t h e  l a s t  i n e q u a l i t y  i s  e s t a b l i s h e d  us ing  t h e  i n e q u a l i t y  

de r ived  i n  Example 7 . 1  (v)  : 

1 '  

-1 
(1-x2)-+dx 5 0) I uuxx 

if u ( x )  i s  a polynomial of degree N s a t i s f y i n g  u ( + l )  = 0 .  The 

energy bound ( 1 3 . 1 4 )  proves s t a b i l i t y  of t h e  t a u  approximation 

(13.11-12). 

F i n a l l y ,  l e t  us d i s c u s s  methods f o r  t h e  s o l u t i o n  of 

the p r i m i t i v e  equa t ions  (13.1) u s ing  Chebyshev t a u  approximations.  

A one-dimensional model t h a t  embodies t h e  e s s e n t i a l  f e a t u r e s  

of (13.1) i s  ob ta ined  by s o l v i n g  (13.1) w i t h i n  t h e  slab -1 - < x - < 1, 

-- < y - < 0 3 ,  w i t h  an assumed s o l u t i o n  of t h e  form - 
+ i ky  i k y  i k y  v = ( u ( x , t ) e  , v ( x , t ) e  1, p = p ( x , t ) e  . 

f o r  some real wavenumber k. L e t  t h e  Chebyshev expansion 

c o e f f i c i e n t s  of u ( x , t ) ,  v ( x , t )  , p ( x , t )  be denoted as U n ( t )  I 

v , ( t ) ,  pn . ( t )  

s t a b l e ,  i m p l i c i t  f r a c t i o n a l  s t e p  method f o r  t h e  s o l u t i o n  Of  (13.1) 

wi th  a fo rc ing  term ( f ( x , t ) e  i ky  , g ( x , t ) e  iky) added t o  t h e  r i g h t  s i22  is 

( 0  - < n - < N ) ,  r e s p e c t i v e l y .  Then an UncOnditionallY 



~- I *  

~ 
- + f n ( t ) ]  ( 0  < n ' c  N - 2 1 ,  (13.15) n n - - u = u (t). + At[-pn 

- 
v = v n ( t )  n 

+ A t  [- ikp n + (13.16) 

(13.17)  
N - N 

1 un = 1 (4% n (0  - < n - < N), (13.18) = o  
n=O n=O 

(13.19 1 

(13.20) 

(13.21) 

H e r e  w e  u se  t h e  n o t a t i o n  t h a t ,  f o r  example, u ( * )  r e p r e s e n t s  

t h e  Chebyshev c o e f f i c i e n t s  of u x x ( x , t ) .  The scheme (13.15-21) 

i s  based on backwards Eu le r  t i m e  d i f f e r e n c i n g ;  it i s  s t r a i g h t -  

n 

forward t o  g e n e r a l i z e  (13.15-21) t o  o t h e r  more a c c u r a t e  t i m e  

d i f f e r e n c i n g  methods. 

The f r a c t i o n a l  s t e p  (13.15-18) involves  computation 

of t h e  p r e s s u r e  f i e l d  by impos i t ion  of  t h e  i n c o m p r e s s i b i l i t y  

c o n d i t i o n  (13.17). Only t h e  boundary cond i t ions  u ( + l , t )  = 0 

are a p p l i e d  because t h i s  p a r t  of  t h e  t i m e  s t e p  i s  e f f e c t i v e l y  

i n v i s c i d  so on ly  t h e  normal flow can be s p e c i f i e d  a t  t h e  

boundary. Thus, w e  drop (13.15) € o r  n = N-l - ,N  i n  f a v o r  of 

the two boundary c o n d i t i o n s  (13.18).  The f r a c t i o n a l  s t e p  

(13.19-21) invo lves  t h e  viscous term i n  (13.1) so boundary 

c o n d i t i o n s  are a p p l i e d  on both t h e  normal v e l o c i t y  component 

u and t h e  t a n g e n t i a l  v e l o c i t y  component v. Accordingly,  t h e  

t a u  method invo lves  dropping (13.19-20) f o r  n = N - l , N  i n  f avor  

of t h e s e  boundary cond i t ions .  
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The s y s t e m  (13.15-21) i s  so lved  as fo l lows  . Mul t ip ly ing  

(13.15) by i k  and s u b t r a c t i n g  t h e  r e s u l t  from t h e  Chebyshev 

x -de r iva t ive  of (13.16) g i v e s  

S u b s t i t u t i n g  Gn = i: n (l)/k from (13.17) g i v e s  

2 - un (2)-k2un = u ( ~ )  n ( t ) - k  u n ( t )  + At[-ikgA1) (t) - k 2 f n ( t )  1 

(0 2 n < N - 2 ) .  (13.22) - 
Eq. (13.22) w i t h  t h e  boundary c o n d i t i o n s  (13.18) i s  of t h e  

s a m e  form as (13.19-20) w i t h  boundary cond i t ions  (13.21).  

These equat ions  are b e s t  so lved  by t h e  a lgor i thm d i scussed  

at t h e  end of Sec. 1 0 .  

The s t a b i l i t y  a n a l y s i s  o f  (13.15-21) i s  as fo l lows .  

The evo lu t ion  of a p e r t u r b a t i o n  i s  governed by (13.15-21) 

w i t h  f n  = g, = 0 f o r  a l l  n. 

is un = u n ( t )  f o r  a l l  n. 

t h e .  i m p l i c i t  scheme (13.19-21) is  an uncond i t iona l ly  s t a b l e  

Therefore ,  t h e  s o l u t i o n  of (13.22) 
- - 

A l s o ,  vn = v n ( t )  f o r  a l l  n. F i n a l l y ,  

scheme for  s o l u t i o n  of the h e a t  equat ion .  This proves t h a t  

(13.15-21) is  u n c o n d i t i o n a l l y  stable. 

I m p l i c i t ,  u n c o n d i t i o n a l l y  s t a b l e  methods f o r  s o l u t i o n  of  

(13.1) t h a t  do n o t  u s e  f r a c t i o n a l  s t e p s  [as i n  (13.15-2111 

can  a lso be implemented. 

solve 

In a f u l l y  i m p l i c i t  scheme, w e  would 

u n ( t + A t )  = U n ( t )  + At[-pn (1) +"U n ( 2 )  ( t+At)+f , ( t+At)  I 

(O<n<N-2) - -  (13.23) 

c 
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I 

Vn ( t+A t) = vn ( t 1 +At [ -ikpn+vvn (2) (t+At)+gn(t+At) ] 

N N 
C (21) u (t+At) = 1 (*l)"vn(t+At) = 0. 

n= 0 n= 0 

n 
n 

(13.24) 

(13.25) 

(13.26) 

Substituting (13.25) into (13.24) and eliminating pn between 

(13.23 - 24), we obtain 

2 2 .u(~) (t+At) - k un(t+At) = uA2) (t)-k un(t) n 

+bl+b2 (-l? (13.27) 

Here bl and b2 are parameters determined by the condition that 

(13.27-28) have a solution. 
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There are  t w o  f e a t u r e s  of t h e  f u l l  i m p l i c i t  scheme (13.23-28) 

t h a t  should be mentioned i n  comparison w i t h  t h e  f r a c t i o n a l  s t e p  

scheme (13.15-22). F i r s t ,  t h e  s o l u t i o n  of (13.27-28) i n v o l v e s  

s o l u t i o n  of an e s s e n t i a l l y  pentad iagonal  matr ix  equa t ion  i n  

c o n t r a s t  t o  (13.22) which is e s s e n t i a l l y  t r i d i a g o n a l ,  T h i s  

may be a s e r i o u s  d i f f i c u l t y  because t h e  pentad iagonal  system 

(13.27) is n o t  as w e l l  cond i t ioned  a s  t h e  ' t r i d i a g o n a l  system 

(13.22) , 

Second, t h e  f u l l  i m p l i c i t  scheme avoids  an ambigui ty  o f  

the Navier-Stokes equa t ions  po in ted  o u t  by Orszag & I s r a e l i  

(1974, p. 299) .  . When t h e  boundary c o n d i t i o n s  v = 0 are 

a p p l i e d  t o  (13.1) (wi th  a f o r c e  t e r m  i n c l u d e d ) ,  w e  o b t a i n  

-+ 

+ 
vp = v v 2 2  + 3 (13.29) 

on t h e  boundaries.  Therefore ,  w e  can o b t a i n  boundary c o n d i t i o n s  

on b o t h  ap/an and p, where n i s  normal t o  t h e  boundary. 

However, t h e  d ivergencc  of (13.1) g i v e s  

2 v p = V'J, -_ (13.30) - 

L 

so p i s  t h e  s o l u t i o n  of t h e  Poisson  equat ion  (13.30) s a t i s f y i n g  

b o t h  t h e  D i r i c h l e t  and Neumann boundary c o n d i t i o n s  

I t  s e e m s  a t  f i r s t  t h a t  p i s  o v e r s p e c i f i e d .  I n  f a c t ,  p i s  n o t  

(13 .29) .  



. 
o v e r s p e c i f i e d ;  t h e  above argument ref lects  only  t h e  ad jus tment  

t h a t  "v 
sets of boundary c o n d i t i o n s  on p mutual ly  c o n s i s t e n t .  

must undergo nea r  t h e  boundary i n  o r d e r  t o  make both  

T h i s  adjus tment  p rocess  i s  d i r e c t l y  accounted f o r  i n  t h e  

system (13.23-28) b u t  is only  i n d i r e c t l y  accounted for i n  t h e  

f r a c t i o n a l  s t e p  method (13.15-22). Only t h e  boundary c o n d i t i o n  

(13.18) is a p p l i e d  wh i l e  determining t h e  p r e s s u r e  i n  (13.15-17). 

Neve r the l e s s ,  it s e e m s  t h a t  t h e  f r a c t i o n a l  s t e p  method a d j u s t s  

i t se l f  from t i m e  s t e p  t o  t i m e  s t e p  so no s e r i o u s  e r r o r s  are 

produced by n e g l e c t i n g  t h e  t a n g e n t i a l  components of (13.29) . 

The methods d i scussed  i n  t h i s  s e c t i o n  extend t o  g i v e  

stable methods for s o l u t i o n  of t h e  non l inea r  Navier-Stokes equa t ions .  

For  example, if t h e  f o r c i n g  term ( f ,g )  i n  (13.15-16) is chosen 

t o  be t h e  n o n l i n e a r  terms of t h e  Navier-Stokes e q u a t i o n s ,  o u r  

- 
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14, Miscellaneous ADnlications of SPectral  Methods 

I n  t h i s  S e c t i o n ,  we survey same s p e c i a l  t o p i c s  r ega rd ing  

s p e c t r a l  methods. Some o f  t h e s e  t o p i c s  are s t i l l  unc7,er a c t i v e  

i n v e s t i g a t i o n ,  s o  t!-? r e s u l t s  r e p o r t e d  here are very incomplete .  

Complicated Geometries 

There are t w o  :;lays t h a t  s p e c t r a l  methods can be used 

t o  s o l v e  problems i n  complicated geometr ies  w i thou t  i n t r o d u c i n g  

b a s i s  func t ions  t ha t  are s p e c i a l  t o  t h e  geometry and, t h e r e f o r e ,  

unwieldy and i n e f f i c i e n t  t o  use.  

and patching.  

The t w o  methods are mapping 

Mapping i n v o l v e s  t ransforming  t h e  complicated domain 

i n t o  a s impler  one by means of a coord ina te  t r ans fo rma t ion .  

S p e c t r a l  methods are then  a p p l i e d  i n  t h e  simple geometry 

us ing  t h e  t echn iques  d i scussed  i n  ea r l i e r  s e c t i o n s .  For  

example, i f  w e  wish t o  s o l v e  t h e  h e a t  equat ion  

a 2 - a t  u ( x , y , t )  = v u ( x , y , t )  

i n  t h e  two-dimensional domain 

-1 - < x - < 1, - f ( x )  - < y 5 f ( x )  

f o r  some given f u n c t i o n  f (x)  wi th  t h e  boundary c o n d i t i m s  

t ha t  u = 0 on t h e  boundary of t h e  domain, w e  would proceed 

as follows. F i r s t ,  w e  make t h e  coord ina te  t r ans fo rma t ion  

(14.1) 

( 1 4 . 2 )  A 

9 

and r e w r i t e  (14.1) as 

- -2 a ”  U ( X , Z , t )  - a t  U ( X , Z , t )  = (ax - z a ) 2 u ( X , Z , t )  3 Z  + f 2 
a a f’ 

a z  

-156- 



. 

Then,  w e  expand u ( x , z , t )  i n  a double Chebyshev series and 

i n t e g r a t e  ( 1 4 . 3 ) .  For t h i s  purpose,  a h y b r i d  numerical scheme 

is recommended. 

be obta ined  by a semi-implicit  method (see Sec. l o ) .  

d i f f u s i o n  o p e r a t o r  i s  added and s u b t r a c t e d  from (14.3). The 

s imple  d i f f u s i o n  o p e r a t o r  i s  then eva lua ted  i m p l i c i t l y  us ing  t a u  

method (because t h e  t a u  method i s  s i m p l e s t  when no complicated 

n o n l i n e a r i t i e s  o r  nonconstant c o e f f i c i e n t  terms are i n v o l v e d ) ;  

t h e  remaining nonconstant  c o e f f i c i e n t  term i n  (14.3) i s  then  e v a l u a t e d  

Unconditionally s table  t i m e  d i f f e r e n c i n g  c a n  

Here a s i m p l e  
w 

e x p l i c i t l y  us ing  f a s t  Four i e r  t ransforms and the  c o l l o c a t i o n  

method. The r e s u l t  is an e f f i c i e n t  and a c c u r a t e  method for 

s o l u t i o n  of ( 1 4 . 1 ) .  

Techniques l i k e  those j u s t  desc r ibed  have been app l i ed  

t o  a v a r i e t y  of problems w i t h  much success .  

c o o r d i n a t e  t r ans fo rma t ion  i s  available , t h e  mapping technique  

combined wi th  appropr i a t e  s p e c t r a l  methods may be expected 

t o  be very u s e f u l .  

I f  a convenient  

The i d e a  of pa tch ing  is t h a t  i f  t h e  geometry i s  t h e  

union of several s imple r  geometries ( l i k e  an L-shaped r e g i o n )  

then  s p e c t r a l  approximations can be formulated i n  each of t h e  s imple r  

domains. These s o l u t i o n s  a r e  then  patched a c r o s s  t h e  boundaries  by 

r e q u i r i n g  t h a t  the  s o l u t i o n  (and an appropr i a t e  number of 

d e r i v a t i v e s )  be smooth. 

t o g e t h e r  w i t h  t h e  mapping technique d i scussed  above, it i s  

p o s s i b l e  t o  d e v i s e  s p e c t r a l  s h o c k - f i t t i n g  methods f o r  t h e  

s o l u t i o n  of compressible  flow problems. Patching methods r e q u i r e  

much f u r t h e r  i n v e s t i g a t i o n  t o  judge t h e i r  u se fu lness  i n  p r a c t i c a l  

prcblems . 

* 

When t h i s  technique  i s  a p p l i e d  
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Poisson ' s  Equation i n  Two and Higher Dimensions 

The Chebyshev t a u  equa t ions  f o r  P o i s s o n ' s  equa t ion  

V2u = f i n  t h e  squa re  -1<x<1, -1LyL1 are - -  

whi le  t h e  D i r i c h l e t  boundary c o n d i t i o n s  u = 0 are 

n N 

n=O 
2 (+1) unm = 0 

N 

m=O 
= o  nm 1 ( + l ) m U  

(14.5) 

( 1 4 . 6 )  

H e r e  w e  expand u ( x , y )  and f (x ,y )  i n  t h e  double Chebyshev series 

and w e  denote t h e  Chebyshev expansion 

(prq). The 2N+2M+4 boundary cond by unm 

( 1 4 . 7 )  

c o e f f i c i e n t s  of aP+qu/ax P 9  ay 

t i o n s  are n o t  a l l  l i n e a r l y  

independent;  t h e r e  e x i s t  f o u r  l i n e a r  r e l a t i o n s  among them, namely 

N M  
1 1 ( + l ) n ( + l ) m u n m  = 0, (14.8) 

n=O m=O 

Thus, (14.4-6)  g ives  ( N + 1 )  (M+1) equat ions  f o r  t h e  ( N + 1 )  ( M + 1 )  

unknowns unm (O<n<E;, O<m<M).  - -  - -  
Using (10.10) [or ( A . 2 3 ) ] ,  t h e  system (14 .4-6)  can be reduced 

t o  a block t r i d i a g o n a l  m a t r i x  equa t ion  modified by e x t r a  f u l l  - _  

rows corresponding t o  t h e  boundary cond i t ions  (14.5-6). These 

equa t ions  can  be so lved  by s t a n d a r d  block t r i d i a g o n a l  a lgor i thms 

i n  o r d e r  N 3 M o r  o r d e r  NM 3 opera t ions .  I f  Po i s son ' s  equa t ion  must 

be so lved  s e v e r a l  t i m e s  w i th  t h e  same va lues  of N and M b u t  d i f f e r e n t  

f u n c t i o n s  f (x ,y)  , i t  i s  m o r e  e f f i c i e n t  t o  apply a l t e r n a t i v e  methods. 
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A method t o  s o l v e  (14 .4-6)  i n  o r d e r  N 2 M o p e r a t i o n s  (wi th  

a p rep rocess ing  s t a g e  t h a t  r e q u i r e s  o r d e r  N 3 o p e r a t i o n s )  i s  

as fo l lows .  

v e c t o r s  e 

F i r s t ,  w e  f i n d  t h e  N-2 e igenvalues  1 and eigen-  
c P 

(p = 0,. . . , N - 2 )  of  t h e  equat ions  
nP 

The e igenva lues  X are a l l  nega t ive  'as proved i n  Example 7 . 3  (ii) . 
P 

Then w e  form t h e  ( ? J + l )  x ( N + l )  matr ix  E whose elements  are 

( 0  < n < N )  - E = 6  
n,N n , l  

and compute the i n v e r s e  matrix D = E -1 . Since  t h e  boundary 

c o n d i t i o n s  (14.5) are s a t i s f i e d  by unm, it fo l lows  t h a t  
N- 2 " 

u nm = 2 enpvpm 
p=o 

( 1 4 . 9 )  

f o r  s u i t a b l e  v f o r  a l l  n,m. Therefore ,  s e t t i n g  
Pm 

it  f o l l o w s  t h a t  ( 1 4  . 4-6 1 become 

gPm 

= o  

( 1 4 . 1 1 )  

( 1 4 . 1 2 )  

Eqs. (14 .11-12)  may be solved e f f i c i e n t l y  ( i n  o rde r  NM o p e r a t i o n s )  

f o r  v us ing  t h e  a lgor i thm d i scussed  a t  t h e  end o f  Sec. 1 0 .  

Once v i s  found, u may be r econs t ruc t ed  from ( 1 4 . 9 ) .  The 
Pm 

Pm nm 
t o t a l  o p e r a t i o n  cDunt is order  N 2 M [from t h e  t w o  ma t r ix  m u l t i p l i e s  
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(14 .9-10)  1 

The s o l u t i o n  of P o i s s o n ' s  equa t ion  by t h e  Chebyshev 

series method o u t l i n e d  above i s  very  compet i t ive  w i t h  f i n i t e -  

d i f f e r e n c e  s o l u t i o n  us ing  f a s t  Poisson  s o l v e r s .  Zang & 

Haidvogel ( 1 9 7 7 )  p r e s e n t  a number of comparisons o f  t h e  Chebyshev 

methods and f a s t  Poisson  s o l v e r s .  

There are t w o  f u r t h e r  compl ica t ions  t h a t  may a r i s e  i n  

e l l i p t i c  boundary-value problems. F i r s t ,  t h e  e l l i p t i c  equa t ion  

may have nonconstant  c o e f f i c i e n t s  o r  may even be non l inea r .  

Here w e  recommend t h a t  s p e c t r a l  equa t ions  he so lved  us ing  

r e l a x a t i o n  methods of t h e  kind advocated by Concus & Golub (19731, 

i n  which t h e  h e a r t  of t h e  a lgor i thm i s  t h e  f a s t ,  e f f i c i e n t  

s o l u t i o n  of Po i s son- l ike  equa t ions .  Second, t h e  geometry 

may be more complicated than  a box. I n  t h i s  case, w e  recommend 

t h e  implementation of capac i t ance  mat r ix  techniques ( o r  

e q u i v a l e n t  Green 's  f u n c t i o n  techniques)  i n  which the problem 

to be solved i s  imbedded i n  a s impler  geometry, l i k e  a box 

(see Buzbee e t  a1 1 9 7 1 ) .  Again, t h e  h e a r t  of t h e  a lgo r i thm 

is  t h e  f a s t  s o l u t i o n  of Po i s son ' s  equa t ion  us ing  ( 1 4 . 9 - 1 2 ) .  

Coordinate  S i n g u l a r i t i e s  

When s p e c t r a l  methods a r e  a p p l i e d  t o  problems i n  

c y l i n d r i c a l  o r  s p h e r i c a l  geometr ies ,  t h e i r  formual t ion  may 

r e q u i r e  s p e c i a l  care a t  t h e  coord ina te  s i n g u l a r i t i e s .  These 

' po le  problems' have been e x t e n s i v e l y  i n v e s t i g a t e d  (Orszag 1 9 7 4 ,  

Tan5 1 9 7 7 ) .  As a s imple example of t h e s e  e f f e c t s ,  l e t  U S  

cons ide r  t h e  computation of  t h e  e igenvalues  of Bessel's equa t ion  

us ing  the  Chebyshev t a u  method (Metcalfe  1 9 7 4 ) .  The problem is 
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t o  f i n d  t h e  e igenva lues  and  e igen func t ions  y ( x )  of - 
1 nL y" + - y '  - 2 Y ' -  XY (14.13) 

X X 

s u b j e c t  t o  t h e  cond i t ions  t h a t  y ( 1 )  = 0 and t h a t  y ( x )  be f i n i t e  

f o r  0 < x < 1. The e x a c t  e igenvalues  a r e . r e l a t e d  t o  t h e  zeros  of t h e  - - 
Bessel f u n c t i o n  Jn: = jnp z where J n ( j  ) = O ,  p = 1 , 2 , . . .  . P nP 

When n i s  even,  t h e  e igen func t ions  of (14.13) are even 

f u n c t i o n s  of x ;  when n i s  odd, t h e  e igen func t ions  a r e  odd. 

T h i s  fact '  sugges t s  t h a t  w e  r e p r e s e n t  t h e  s o l u t i o n  t o  (14.13) 

i n  t e r m s  o f  series of even Chebyshev polynomials when n i s  even 

and odd polynomials when n i s  odd. Thus, f o r  n odd w e  w r i t e  

(14.14) 

I n  Table  14.1, w e  l i s t  numerical  va lues  f o r  t h e  smallest  e igenva lue  

of (14.13) w i t h  n = 7 us ing  t h e  series (14.14), the boundary 

c o n d i t i o n  y ( 1 )  = 0 ,  and the Chebyshev t a u  method. T h e  convergence 

of t h i s  method, w h i l e  very  impressive as M i n c r e a s e s ,  is  slowed 

by t h e  c o o r d i n a t e  s i n g u l a r i t y  of (14 .13 )  a t  x = 0 .  I n  g e n e r a l ,  

series of t h e  form (14.14) behave l i k e  x a s  x + 0.  I n  t h i s  

case t h e  t e r m s  y ' / x  and y/x2 are s i n g u l a r  a t  x 

e igen func t ions  .J ( ' 

= 0. The t r u e  

x )  behave l i k e  x7 as x + 0 ,  as may e a s i l y  
7 +P 

be shown us ing  Frobenius '  method, so none of t h e  terms of (14.13) 

are i n  f ac t  s i n g u l a r  f o r  t h e  e x a c t  e igenfunct ions .  - 
It  i s  p o s s i b l e  t o  improve t h e  convergence of (14.14) by 

imposing a d d i t i o n a l  ' po le  c o n d i t i o n s ' ,  l i k e  y ' ( 0 )  = 0.  When 

~ ' ( 0 )  = 0 i n  t h e  series (14.14), t h e  t e r m s  of (14.13) are 

i n d i v i d u a l l y  nons ingular .  I n  T a b l e  14.1, w e  a l s o  l i s t  numerical  

v a l u e s  of t h e  smallest  e igenvalue  of (14.13) with  n = 7 and 
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Table 14.1 

M 
I 
I A1 wi th  y ( l ) = O  A1 wi th  y ( l ) = y l  ( O ) = O  

--..I_- 

10 
14 169.111983340 122.895944051 
18 126.557832251 122.907620295 
22 122.991799598 122.907600279 

122.907600204 26 122.90 8250 80 0 
Exact 122.907600204 122.907600204 I 

I 
T a b l e  14.1. S m a l l e s t  e igenvalue of (14.13) w i t h  n = 7 
obta ined  us ing  (14.14) and t h e  Chebyshev t a u  method. 
M. i s  t h e  number of Chebyshev polynomials. The e x t r a  
boundary condi t ion  y ' ( 0 )  = 0 is a pole  c o n s t r a i n t  a t  
t h e  s i n g u l a r  p o i n t  x = 0 of (14.13). 
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is  c l e a r l y  a dramatic  imprcvement i n  t h e  r a t e  of convergence. 

I t  i s  also p o s s i b l e  to make t h e  problem less s e n s i t i v e  t o  

p o l e  p r o p e r t i e s  nea r  t h e  o r i g i n  by f i r s t  mu l t ip ly ing  ( 1 4 . 1 3 )  

by x2 t o  e l i m i n a t e  e x p l i c i t l y  s i n g u l a r  terms and then  applying 

t h e  t a u  method. The r e s u l t s  of t h e  l a t t e r  t r i c k  a r e  e s s e n t i a l l y  

t h e  s a m e  as applying t h e  pole cond i t ion  y ' ( 0 )  = 0 d i r e c t l y  t o  

(14 .13 ) .  

I f  pole cond i t ions  are no t  proper ly  app l i ed ,  it i s  p o s s i b l e  

t o  degrade s i g n i f i c a n t l y  the  accuracy of s p e c t r a l  computations.  

It is even p o s s i b l e  t o  induce s t r o n g  i n s t a b i l i t i e s  t h a t  a r e  

a b s e n t  when proper  po le  condi t ions  a r e  appl ied .  These matters 

a r e  d i scussed  i n  d e t a i l  by Orszag ( 1 9 7 4 )  and Tang(1977).  

Energy Conservat ion 

I t  w a s  shown i n  Sec. 2 (see foo tno te  on p.29) t h a t  i f  

( u , A ( u ) )  = 0 so t h e  so lu t ion  t o  t h e  nonl inear  equat ion 

au /a t  = A(u) conserves  energy [ a ( u , u ) / a t  = 01, then  t h e  

s o l u t i o n  t o  any s p e c t r a l  approximation obtained by a s e l f  - a d j o i n t  

p r o j e c t i o n  o p e r a t o r  a l s o  conserves energy. Some examples of  t h i s  

r e s u l t  are energy conservat ion by Galerk in  approximations t o  

t h e  i n v i s c i d  Navier-Stokes equat ions  [ (9.55) wi th  v = 01 =s ing  

Four i e r  series w i t h  pe r iod ic  o r  f r e e - s l i p  boundary cond i t ions  

and Legendre polynomial series wi th  r i g i d  no-s l ip  boundary 

cond i t ions .  

I f  t h e  i n v i s c i d  Navier-Stokes equat ions a r e  r e w r i t t e n  i n  

so -ca l l ed  r o t a t i o n a l  form as  
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+ - -  a v  - f x; -vII+vv25 , a t  (14.15) 

r. 

i s  t h e  
+ + +  

where w=Vxv i s  t h e  v o r t i c i t y  and II= p+zv 

p r e s s u r e  head, then  energy conse rva t ion  holds  when V = 0 

c e r t a i n  c o l l o c a t i o n  approximations.  

are xi and vi = v ( x i ) ,  t hen  ( 1 4 . 1 5 )  gives 

f o r  

I f  t h e  c o l l o c a t i o n  p i n t s  
+ -+ + +  

(14.16) 

when v = 0 .  If t h e  c o l l o c a t i o n  p r o j e c t i o n  o p e r a t o r  is  such 

t h a t  i n t e g r a t i o n  by p a r t s  is v a l i d  i n  t h e  sense  t h a t  

+ +  1 Gi-?IIi = - 1 IIiV*vi + boundary t e r m s ,  (14.17) 
i i 

then  'it-? = 0 and t h e  boundary cond i t ions  imply t h a t  energy 

conserva t ion  holds .  Thus, Four i e r  c o l l o c a t i o n  approximation 

conserves  energy when p e r i o d i c  o r  f r e e - s l i p  boundary c o n d i t i o n s  

are appl ied  t o  ( 1 4 . 1 5 )  [see Fox & Orszag 19731.  



15. Survey of  S p e c t r a l  Methods and Appl ica t ions  

I n  t h i s  Sec t ion ,  w e  give a b r i e f  survey of s p e c t r a l  

methods and some of t h e i r  r ecen t  a p p l i c a t i o n s .  There are 

f ive  impor tan t  f e a t u r e s  o f  s p e c t r a l  methods t h a t  should be 

cons idered  i n  t h e i r  formulat ion and a p p l i c a t i o n .  They are: 

(i) R a t e  of convergence - I f  t h e  s o l u t i o n  t o  a problem 

is  i n f i n i t e l y  d i f f e r e n t i a b l e ,  then  a p rope r ly  designed 

s p e c t r a l  method has  the p rope r ty  t h a t  errors go t o  ze ro  

f a s t e r  t han  any f i n i t e  power of t h e  number of  r e t a i n e d  modes. 

I n  c o n t r a s t ,  f i n i t e - d i f f e r e n c e  and f in i t e - e l emen t  methods 

y i e l d  f i n i t e - o r d e r  r a t e s  of convergence. 

consequence is  t h a t  s p e c t r a l  methods can achieve h igh  ac, muracy 

w i t h  l i t t l e  more r e s o l u t i o n  than  is  requ i r ed  t o  achieve  moderate 

accuracy. 

(ii) E f f i c i e n c y  - The development of f a s t  t r ans fo rm 

The impor tan t  

methods pe rmi t s  s p e c t r a l  methods t o  be implemented w i t h  

comparable e f f i c i e n c y  t o  t h a t  of f i n i t e  d i f f e r e n c e  methods 

w i t h  t h e  same number of  independent degrees of  freedom. 

H o w e v e r ,  s i n c e  s p e c t r a l  methods t y p i c a l l y  r e q u i r e  a f a c t o r  

of 2-5 f e w e r  degrees of freedom i n  each space  d i r e c t i o n  t o  

achieve  moderate accuracy (say, 5% e r r o r ) ,  the  s p e c t r a l  

computations can be cons iderably  more e f f e c t i v e .  

r e q u i r e d  accuracy i n c r e a s e s ,  the  a t t r a c t i v e n e s s  of s p e c t r a l  

methods i n c r e a s e s .  

As t h e  

(iii) Boundary condi t ions  - As shown i n  e a r l i e r  Sec t ions  

of t h i s  monograph, t h e  mathematical f e a t u r e s  of s p e c t r a l  

methods fo l low vsry  c l o s e l y  those  of  t h e  p a r t i a l  d i f f e r e n t i a l  
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equa t ion  being so lved .  Thus, t h e  boundary cond i t ions  imposed 

on s p e c t r a l  approx ina t ions  are normally t h e  same as t h o s e  

imposed on  t h e  d i f f e r e n t i a l  equat ion .  I n  c o n t r a s t ,  f i n i t e -  

d i f f e r e n c e  methods of h i g h e r  o r d e r  t han  t h e  d i f f e r e n t i a l  equa t ion  

r e q u i r e  a d d i t i o n a l  'boundary cond i t ions . '  Many of  t h e  

complicat ions of f i n i t e - o r d e r  f i n i t e - d i f f e r e n c e  methods d i s a p p e a r  

w i t h  t h e  i n f i n i t e - o r d e r - a c c u r a t e  s p e c t r a l  methods. 

Another a s p e c t  of  t h e  t r ea tmen t  of boundary c o n d i t i o n s  

by s p e c t r a l  methods is t h e i r  h igh  r e s o l u t i o n  of boundary 

l a y e r s .  I f  t h e  s o l u t i o n  t o  a problem has a boundary l a y e r  

of th ickness  

be r e t a i n e d  t o  achieve  h igh  accuracy. I n  c o n t r a s t ,  f i n i t e -  

d i f f e r e n c e  methods us ing  e q u a l l y  spaced g r i d  p o i n t s  would r e q u i r e  

about  l / ~  g r i d  p o i n t s  t o  r e s o l v e  such a boundary l a y e r  s o l u t i o n .  

Moreover, i f  a c o o r d i n a t e  t r ans fo rma t ion  i s  employed t o  improve 

the r e s o l u t i o n  of a boundary o r  i n t e r n a l  l a y e r  of  t h i c k n e s s  E , 
t h e  e r r o r s  o f  spectral methods are decreased f a s t e r  t han  any 

f i n i t e  power of E as E + 0.  

E , t h e n  only  about 1 / ~  4 polynomials [see (3.50)  1 need 

( i v )  D i s c o n t i n u i t i e s  - S u r p r i s i n g l y ,  s p e c t r a l  methods 

do a b e t t e r  j ob  of  l o c a l i z i n g  errors thar, X f f e r e n c e  schemes 

and hence r e q u i r e  cons ide rab ly  less l o c a l  d i s s i p a t i o n  t o  smooth 

d i s c o n t i n u i t i e s .  

(v)  Boots t rap  e s t i n a t i o n  of accuracy - I t  is o f t e n  

p o s s i b l e  t o  estimate t h e  accuracy of s p e c t r a l  computations 

by examination of  t h e  shape of t h e  spectrum. Thus, i n  computations 

of three-dimensional  incompress ib le  flows a t  high Reynolds numbers, 

t h e  mean-square v o r t i c i t y  spectrum must no t  i n c r e a s e  a b r u p t l y  a t  
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l a r g e  wavenumbers ( s m a l l  s c a l e s )  ; i f  t h e  v o r t i c i t y  spectrum 

d e c r e a s e s  smoothly t o  0 a s  wavenumber i n c r e a s e s ,  it is  safe  

t o  i n f e r  t h a t  t h e  c a l c u l a t i o n  i s  a c c u r a t e ,  

s i m i l a r  c r i t e r i a  f o r  f i n i t e - d i f f e r e n c e  methods can be very  

On t h e  o t h e r  hand, . 
6 misleading .  

L e t  u s  now survey  some a p p l i c a t i o n s  of  s p e c t r a l  methods 

t o  incompress ib le  f l u i d  dynamics. 

accord ing  t o  t h e  boundary condi t ions  and geometry. 

W e  s h a l l  c l a s s i f y  t h e  method 

(i) P e r i o d i c  boundary cond i t ions  i n  C a r t e s i a n  coord ina te s  - 
H e r e  F o u r i e r  series a r e  appropr i a t e .  S p e c t r a l  methods have 

been r e g u l a r l y  used i n  t h r e e  dimensions wi th  32 x 32 x 32 

modes and i n  t w o  dimensions wi th  1 2 8  x 128 modes t o  s i m u l a t e  

homogeneous turbulence .  

p seudospec t r a l  ( c o l l o c a t i o n )  methods because a l i a s i n g  errors 

are u s u a l l y  s m a l l .  The key f a s t  t r ans fo rm methods a r e  described 

i n  d e t a i l  by Orszag (1971~). 

Most o p e r a t i o n a l  codes now use  

More r e c e n t l y ,  more ambitious s p e c t r a l  codes have been 

developed. T h e  RILOBOX code employs 1 0 2 4  x 1 0 2 4  F o u r i e r  modes 

i n  two dimensions wh i l e  t h e  CENTICUBE code uses  up 

128 x 128 x 128 modes i n  t h r e e  dimensions,  

t o  

These h igh  r e s o l u t i o n  

codes are now be ing  used t o  s tudy  fundamental q u e s t i o n s  

r ega rd ing  h igh  Reynolds number tu rbu lence ,  i n c l u d i n g  t h e  s t r u c t u r e  

of i n e r t i a l  ranges.  

-_ 

(ii) Rigid boundary cond i t ions  i n  C a r t e s i a n  coord ina te s  - Here 

Chebyshev o r  Legendre polynomials should be employed. Typ ica l  

a p p l i c a t i o n s  t o  date inc lude  numerical  s t u d i e s  of  t u r b u l e n t  

s h e a r  f lows and boundary layer t r a n s i t i o n .  

methods are n o r m l l y  used, w i t h  Chebyshev polynomials p a r t i c u l a r l y  

Pseudospectral(col1ocatFcn) 
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convenient  because f a s t  F o u r i e r  t r ans fo rm methods can be 

app l i ed .  

(iii) Rigid  boundary c o n d i t i o n s  i n  c y l i n d r i c a l  qeometry - Eere 

Chebyshev o r  Legendre polynomials should be used i n  r a d i u s ,  F o u r i e r  

series i n  ang le ,  and e i t h e r  F o u r i e r  o r  Chebyshev series i n  

t h e  ax ia l  d i r e c t i o n  (depending on boundary c o n d i t i o n s ) .  Some 

t e c h n i c a l  a s p e c t s  of t h e  implementation of Chebyshev series 

i n  r a d i u s ,  i n c l u d i n g  p o l e  c o n d i t i o n s , a r e  d iscussed  by Orszag 

( 1 9 7 4 ) .  Appl ica t ions  t o  d a t e  i n c l u d e  s t u d i e s  of t r a n s i t i o n  

i n  c i r c u l a r  Couet te  flow and p i p e  P o i s e u i l l e  flow. I n  p a r t i c u l a r ,  

it should  be emphasized t h a t  Chebyshev polynomial expansions 

are much be t t e r  s u i t e d  f o r  s e r i o u s  numeric a 1  work than  t h e  

appa ren t ly  more n a t u r a l  choice  of B e s s e l  f unc t ion  expansions 

i n  r a d i u s .  There are t w o  reasons :  Chebyshev series converge 

faster t o  g e n e r a l  f u n c t i o n s  r e g a r d l e s s  of t h e i r  boundary 

c o n d i t i o n s  and Chebyshev-spectral  methods can be implemented 

e . f f i c i e n t l y  by f a s t  t r ans fo rm methods. 

(iv) Problems i n  s p h e r i c a l  geometry - Here s u r f a c e  

harmonic expansions,  g e n e r a l i z e d  F o u r i e r  se r ies ,  and ' a s s o c i a t e d '  

Chebyshev expansions a l l  have a t t r a c t i v e  f e a t u r e s .  A 

d e t a i l e d  d i s c u s s i o n  o f  t h e s e  methods i s  o u t s i d e  t h e  scope of 

this monograph, b u t  roughly speaking  gene ra l i zed  Four i e r  series 

permi t  t h e  m o s t  e f f i c i e n t  t ransform methods t o  be developed 

fol lowed by a s s o c i a t e d  Chebyshev expansions and then s u r f a c e  

harmonic expansions b u t  s u r f a c e  harmonic expansions are b e s t  

w i t h  regard t o  t h e  p o l e  problem. A v a r i e t y  of a p p l i c a t i o n s  

of t h e s e  methods t o  g l o b a l  a tmospheric  flows have been made. 

( v )  Semi - in f in i t e  o r  i n f i n i t e  qeometry - Here Chebyshev 
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expansions a r e  b e s t  if the domain can be mapped o r  t r u n c a t e d  

t o  a f i n i t e  domain wi thou t  s e r i o u s  e r r o r .  

here:  a d d i t i o n a l  boundary cond i t ions  may or may n o t  be  

r e q u i r e d  a t  ' i n f i n i t y . '  

methods follows c l o s e l y  the exact mathematics. I f  a d d i t i o n a l  

boundary c o n d i t i o n s ,  l i k e  r a d i a t i o n  o r  outflow boundary c o n d i t i o n s ,  

must be imposed on t h e  t runca ted  domain, 

also be a p p l i e d  t o  t h e  s p e c t r a l  method. 

i f  mapping w i t h o u t  a d d i t i o n a l  boundary cond i t ions  does n o t  

The re  a r e  t w o  cases 

Here aga in  t h e  formulat ion of s p e c t r a l  

then  they  should 

On t h e  o t h e r  hand, 

i n t r o d u c e  a s i n g u l a r i t y  i n  the e x a c t  equa t ions ,  no boundary 

c o n d i t i o n s  a t  ' i n f i n i t y '  a r e  r equ i r ed  i n  t h e  s p e c t r a l  approximation. 
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Appendix. P r o p e r t i e s  of  Chebyshev Polynomial Expansions ' 

The Chebyshev polynomial o f  deg ree  n ,  T n ( x ) ,  i s  d e f i n e d  

bY 

2 3 
Thus, TO(x)  - 1, T1(x) = X ,  T 2 ( x )  = 2~ -1, T3(x)  = 4~ - 3 X ,  

4 T4(x)  = 8x -8x+1, and so on. The Chebyshev polynomials are  t h e  

s o l u t i o n s  of t h e  d i f f e r e n t i a l  equa t ion  

. d h T  - 2 dTn + n Tn = 0 dx dx 

t h a t  are bounded a t  x = 21. They s a t i s f y  t h e  o r t h o g o n a l i t y  r e l a t i o n  

where co = 2 ,  c = 1 f o r  n>O. Some p r o p e r t i e s  of Chebyshev 

polynomials are 
n 

n+p P- l  ' 2 2 T n ( + l )  = (21) ll (n  -k ) / ( 2 k + l ) ,  dp 

axp k=O 
- 



The fo l lowing  formulae re la te  t h e  expansion c o e f f i c i e n t s  

a i n  the series n 

W 

t o  t h e  expansion c o e f f i c i e n t s  b n of 

W 

f o r  v a r i o u s  l i n e a r  o p e r a t o r s  L. W e  use  t h e  c o n s t a n t s  C n  

and dn de f ined  by 

dn = 1 (n>O) ,  dn = 0 (n<O).  - 

Some formulae are: 

W 

L f  = f ' ( x ) :  cnbn = 2 1 
p=n+l 
p+n odd 

2 2  
00 

Lf  = f " ( x )  : Cnbn = C P ( P  -n ) a p  
p=n+2 
p+n even 

Lf ' 2  = x f ( x ) :  bn - - -  4 {c n-2 a n-2 + ( c n + c n - l ) a n + a n + 2 ~  
( A . 1 2 )  
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p-n-1 
2 f ( X ) - f ( O )  : co - 

p = n + l  P 

Lf = 
= 2 1 (-1) a Cnbn X 

p+n odd 

(A.14) 

p+n even 

p-nE2 mod 4 

P-n-3 mod 4 

Q) I 

- 1  (p-n-1)  p a p  
p=n+ 5 

p - n z l  mod 4 

Lf = xf'(x) : - - . n a  + 2 1 Pap 
71bn n p=n+2 

( A . 1 8 )  

p+n even 

a5 

+ 4  1 p=n+ 3 P 
p i n  odd 

-178- 



c 

* 

( A . 2 0 )  2 . 4  = 2 R ( n + l )  an+l i 1 p ( p  -n  - l ) a p  
=nbn p=n+ 3 

L f  = X f 1 l ( X )  : 

p+n odd 

f (XI Lf  = - 2 1-x 
so 

w i t h  f(+l)=O : Cnbn = - 2  1 ( P - n ) a p  
p=n+2 
p+n even 

Also, i f  w e  expand f ( x )  as i n  

then  

(A .  2 2 )  

(A.  2 3 )  
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P r o p e r t i e s  o f  Legendre Polynonial  Expansions 

The Legendre polynomial of degree  n, P n ( x ) ,  i s  

de f ined  a s  t h e  s o l u t i o n  of t h e  d i f f e r e n t i a l  equat ion  

dPn ( X I  
dx + n ( n + l )  Pn (x )  = 0 d 2 - (1-x ) dx 

b 

( A . 2 4 )  

t h a t  s a t i s f i e s  P n ( l )  = 1. Thus, P o ( x )  = 1, P,(x) = x,  

P 2 ( x )  = + (3x2 - 11, and so on. T h e  Legendre polynomials s a t i s f y  

t h e  o r t h o g o n a l i t y  r e l a t i o n  

( A .  25) 

Some p r o p e r t i e s  of Legendre polynomials a r e  

( A .  2 6 )  

( A .  2 7 )  

- z  
1 1 - 3 / 2  2 s i n [ ( n +  T ) e +  31 + O(n P,(COS e )  = [n r s i n  sl 

-- 
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I f  f ( x )  is expanded i n  t h e  Legendre series 

then  

CI 1 

If L i s  a l i n e a r  ope ra to r  and 

then  t h e  r e l a t i o n  between bn and a is as fol lows:  
n 

0 

= (2n+1.) 1 a 
bn p=n+l P 

Lf (XI - f' (x )  : 

p+n odd 

(A. 30) 

I [p(p+l)-n(n+l) lap ( A . 3 1 )  Lf (x) = f " ( x )  : bn = (ntz) 1 
~ n + 2  
p+n even 

( A .  32)  
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